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Chapter 1 
Introduction 



In recent years great efforts have been spent in the quest for a theory of quantum gravity, 
which probably must be a unifying theory of all known interactions. Based on the principles of 
quantum mechanics and local gauge invariance, the standard model is a widely recognised and 
experimentally tested quantum field theory of electro-weak and strong interactions. Einstein's 
theory of general relativity which is based on general covariance and the equivalence principle, is 
likewise an accepted and tested classical field theory of gravity. Though of dominant importance 
for large-scale phenomena due to it's long-range attractive property, gravity is a weak force and 
negligible in particle scattering experiments done in order to test the standard model. However, 
in sufficiently strong gravitational fields as occurring near black hole singularities and in current 
descriptions of the early universe, gravity must be taken into account in a revision of the 
standard model. Attempts to formulate gravity as a quantum field theory have failed because 
of the non-renormalisability of gravity, which stems from the fact that the coupling constant 
(Newton's constant) has dimension as the Planck length squared in units where h = c = 1, 
leading to a breakdown of standard perturbative approach. 

A prime candidate for a theory of quantum gravity is (super-)string theory, or for brevity 
strings. The terminology originates from the basic description of elementary particles as excita- 
tions of one dimensional objects, strings, of the size of the Planck length. There is definitely a 
need for strings to be tiny since there is no experimental evidence for stringy extendedness. An 
intriguing observation is that the graviton, the elementary quantum of the gravitational field, 
is inherent in string theory as one of the excitations. Furthermore, the stringy nature intro- 
duces a natural cut-off rendering problems with short- distance divergences tractable. Among 
the references to strings are pO| , fTT] , [72| , |I| . Very recent developments on dualities in string 
theory and p-branes (higher dimensional objects than strings) ||114| , 1137] , 131] tend to indicate 



that strings might not be favoured after all and that there exists a more fundamental paradigm 
yet to be revealed. 

Strings are not the subject of the present thesis but serve as a motivation for studying 
conformal field theory (CFT). A propagating string sweeps out a two dimensional surface (the 
world sheet) and it is thus a two dimensional quantum field theory that describes the string 
coordinates as functions of the world sheet coordinates. Consistency conditions demand it 
to be a CFT. Studying conformally invariant quantum field theory within string theory may 
be seen as a study of classical solutions to string theory, with interactions according to tree 
diagrams. Perturbative quantum corrections are dealt with by allowing the world sheet to have 
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increasingly complicated topology as characterised by it's genus (number of handles) which is 
then playing the number of loops in ordinary field theory Feynman diagrams. 

The other main physical interest in CFT is due to it's use in descriptions of critical phe- 
nomena in statistical mechanics. Two dimensional statistical systems enjoy scale (and indeed 



conformal ||115| , pTp invariance at second order phase transitions due to the divergence of cor- 
relation lengths. 

Besides yet other applications of CFT's in physics and in mathematics, their relevance may 
be argued for by somewhat more philosophical comments. A CFT may be defined without 
referring to any specific classical theory from the outset and is thus free of more or less well- 
defined quantisation procedures and subsequent renormalisation programmes. Most of the 
ingredients in CFT inspired by similar properties of usual quantum field theory may be seen as 
defining properties of CFT and are independent of regular isat ions and renormalisations. Such 
considerations naturally lead one to axiomatic approaches to CFT about which we shall have 
no more to say here. 

Consistency in the standard bosonic string theory demands the dimension of the target 
space to take on the critical value 26. However, at the cost of introducing a new field the di- 
mensionality is no longer fixed and one speaks of non-critical strings. It is the two dimensional 
world sheet metric that becomes a dynamical quantum field and in a certain gauge the surviving 
freedom is assigned the so-called Liouville field. Within the framework of non-critical strings, 
much progress has been made in describing the coupling of minimal conformal matter to 2D 
gravity. Extending the Virasoro algebra, which is inherent in every CFT, leads to more com- 
plicated and perhaps even more realistic string theories. The best known ones are superstrings 
based on supersymmetric extensions. However, also bosonic extensions exist and are based 
on H^-algebras. A broad class of these may be constructed by Hamiltonian (Drinfeld-Sokolov) 
reduction of affine Lie algebras. The Virasoro algebra itself is obtained by Hamiltonian reduc- 
tion of affine SL{2) algebra and in order to produce the minimal CFT one needs to consider 
so-called admissible representations of the affine SL{2) current algebra. Such representations 
will play a significant role in this thesis and are generalisations of the well-known integrable 
(unitary) representations. The former allow the spins j of the fields to be fractional, while in 
integrable representations 2j is integer. 

ly-strings provide us with means of defining strings consistently in various backgrounds, but 
they do not admit an immediately transparent way to compute correlation functions. However, 
H.-L. Hu and M. Yu |]81| and Aharony, Ganor, Sonnenschein, Yankielowicz and Sochen 
have outlined an alternative approach based on (topological) G/G WZNW models. In the 
non-critical string theory where the (extended) conformal matter is coupled to 2D gravity, one 
performs essentially two reductions in order to eliminate degrees of freedom. The matter and 
gravity parts are obtained using Hamiltonian reduction of WZNW models and subsequently 
further reduced by imposing a BRST cohomology condition to remove unwanted surviving 
degrees of freedom. In the G/G approach the elimination is effectuated in only one step as a 
BRST condition. A comparison of these two procedures was carried out in ||81|, 0] in the case 
of G = SL{2,\R). The equivalence of the SL{2,\R)/ SL{2,\R) model and the usual non-critical 
bosonic string, where minimal conformal matter is coupled to Liouville gravity, was established 
at the level of isomorphic field and state contents. Later this equivalence for G = SL{N,\R) 



and VrAr-strings has been addressed in R |125||. The ultimate test in the case of SL{2,\R) 



is to calculate the correlation functions and compare with known results from e.g. matrix 
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models. For the description of coupling minimal matter to 2D gravity, the powerful methods of 
matrix models in the discrete approach are still superior to the prospects of the G/G approach. 
However, more general string theories do not seem tractable in terms of matrix models. For 
higher groups and supergroups the G/G approach might ultimately provide us with a way of 
formulating and understanding non-critical string theory, in a way for which computation of 
correlation functions is feasible. 

This brings us to the subject of the present thesis, namely computation of Greens functions 
in CFT based on affine current algebra. We shall use free field realizations which often facilitate 
computations. The first obstacle is thus to work out the free field realizations of the affine 
current algebra, the primary fields and the screening currents. The latter constitute essential 
technical ingredients in the constructions. In this thesis we shall present explicit free field 
realizations of simple affine current algebras, thus completing the long-standing search for a 
generalisation of the Wakimoto construction of SL(2) current algebra to any simple Lie group. 
In the case of the screening currents and the primary fields we still only have partial results in 
the most general case, but are currently witnessing further progress ||113| . 

In the case of SL{2) such realizations have been known for some time. The free field real- 
ization of the current algebra is due to Wakimoto | 139 |, the completion of the set of screening 



currents is due to Bershadsky and Ooguri [Q, while the construction of the primary fields 



in the framework of depending on an extra isotopic coordinate, is due to Furlan, Ganchev, 
Paunov and Petkova . A^-point functions of two dimensional WZNW theories based on affine 



SL{2) current algebra have been studied much already. They are typically constructed, either 
by applying the free field realization of Wakimoto or by solving the Knizhnik-Zamolodchikov 
equations. The results of these various pieces of works are quite complete as far as unitary, 
integrable representations are concerned, but are incomplete in the case of admissible represen- 
tations, which as already mentioned are relevant in the SL{2)/ SL{2) approach to non-critical 
bosonic strings. The origin of this incompleteness may be traced to the need in the free field 
approach of ghost fields raised to fractional powers. In this thesis we overcome this difficulty 
by showing how the techniques of fractional calculus naturally provide a way to handle such 
items. A major part of the thesis is then concerning applications of these techniques in the free 
field realization, working out general A^-point functions, 4-point Greens functions and operator 
algebra coefficients in CFT based on affine SL{2) current algebra in the case of admissible 
representations. In terms of free field realizations we have thereby solved completely CFT (on 
the sphere) based on affine SL{2) current algebra for admissible representations. 



This thesis is organised as follows. The chapters 2 to 5 all start with overviews. In Chapter 2 
we discuss some concepts in CFT. Notably, we consider free fields and introduce the aforemen- 
tioned techniques for handling rational powers of ghost fields. Since a major part of the thesis 
is concerned with a generalisation of the Dotsenko-Fateev construction |^ from pure CFT to 
CFT based on affine SL{2) current algebra, we briefiy review elements of that construction. 
In that connection we present a proof at the level of correlators of a hidden duality in those 
constructions. The underlying integral identity will be needed and generalised in Chapter 5. 

In Chapter 3 we present explicit free field realizations of simple affine current algebras. 
The method employed is to first work out differential operator realizations of the simple Lie 
algebras using Gauss decompositions. Secondly one quantises the realization by translating 
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into free fields and subsequently adding appropriate anomalous terms to the lowering operators. 
These terms take care of multiple contractions. Furthermore, free field realizations of screening 
currents of both kinds and of primary fields are discussed. Many new results of general character 
are presented. For SL{3) the results are complete. All of these free field realizations are needed 
for future generalisations to higher groups, of the work on SL{2) presented in chapters 4 and 
5 in this thesis. In connection with the construction of the screening currents we digress on a 
quantum group structure. 

In Chapter 4 we develop integral representations for chiral A^-point blocks in CFT based on 
affine SL{2) current algebra in the case of admissible representations. We show at the level of 
correlators that they indeed satisfy the Knizhnik-Zamolodchikov equations and that they are 
projectively invariant. Considering the 3-point functions and utilising a freedom (leading to the 
notion of over-screening) in the choice of numbers of integrations in the realization, we re-derive 
the fusion rules for admissible representations within our framework. The proposal in |Q for 
how correlators in SL{2) current algebra for admissible representations reduce to correlators in 
conformal minimal models is discussed and a simple proof is presented. The reduction is then 
verified explicitly for the blocks just found. We further discuss the relation to more standard 
formulations of Hamiltonian reduction. 

In Chapter 5 we confine ourselves to the study of 4-point functions and perform the gener- 
alisation mentioned above of the famous work |^2| by Dotsenko and Fateev on minimal CFT. 
A different integral realization of the 4-point functions by Andreev is discussed. We present 
a proof at the level of highly non-trivial integral manipulations generalising the similar proof in 
Chapter 2 for minimal models, of the equivalence of the two representations. For both represen- 
tations, the integration contours are found and shown to produce the correct singular behaviour 
for certain blocks. In his work Andreev does not address choosing contours. Due to simpler 
contours, we use Andreev's representation to work out the crossing matrix, connecting different 
bases of blocks, in order to determine the monodromy invariant 4-point Greens functions. We 
then use the monodromy coefficients to obtain the operator algebra coefficients for theories 
based on admissible representations. Again the notion of over-screening is utilised, and in such 
a way that we may normalise the operator algebra coefficients unambiguously, contrary to the 
results in 

Finally, Chapter 6 contains some concluding remarks and a brief discussion of present and 
future works. 



Chapter 2 contains results published in ||110|| and ||112| . 

EH 



The subject is currently under further investigation. 



Chapter 3 is based on 
Chapters 4 and 5 comprise an exposition of ||11CI|, |111|, |112 
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Chapter 2 

Conformal Field Theory 



The list of references to original works and reviews on conformal field theory (CFT) seems 
inexhaustible. First of all there is the seminal work by Belavin, Polyakov and Zamolodchikov 
2l[] while the following list reflects some personal preferences ||108| , ffll , 



109, 95, 125 and 



5^ is a reprint collection. These will be used without further notice and may be consulted for 
details. 

We shall introduce techniques of fractional calculus | 124 , |102| , 126 , |9^ in order to handle 
ghost fields raised to non- integer powers ||110|| . Similar techniques were recently discussed 
by Andreev Also fractional (indeed complex) powers of algebra generators have been 
successfully employed in [|101| , [T2|, ^ [1^] . However, the application was to non- integral powers 
of algebra generators, whereas we shall consider non-integer powers of free fields where the 
question of Wick contractions brings in new features. 

In connection with a brief review of some aspects in minimal models, we shall present at 
the level of integral manipulations a proof of a hidden duality in those models. 



2.1 Some Basic Concepts 

The content of this section serves to fix notation and present some background material. 
2.1.1 Conformal Transformations 

The conformal group is defined as the subgroup of the general coordinate transformations 
(group of diffeomorphisms) that leaves the metric invariant up to a space-time dependent scale 
factor, such that it acts on the metric as a Weyl transformation 

^ g'^A^') = n{x)g,,{x) , n(a;) = e-(^) (2.1) 

It is not difficult to verify that in a fiat d-dimensional space-time of signature (p, q) the genera- 
tors form an algebra isomorphic to so{p + 1, g+ 1). In two dimensions the situation is radically 
different and in complex coordinates z = x^ + ix"^ and z = x^ —ix'^ {gij = 6ij) the local conformal 
transformations can be identified with locally analytic coordinate transformations 

z^fiz) , z^m (2.2) 
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where d = dz = \{di — 182) and d = dz = \{di + id2). Being careful with the Jacobian one 
finds (Pz — 2dx^dx^ while the components of the metric are Qzz — Qzz = \ and Qzz = Qzz — 
0. Eventually one is interested in computing correlation functions which are functions of a 
finite number of points. Therefore, it is indeed natural to extend the class of transformations 
considered to include 'truly local' or infinitesimal conformal transformations. These may be 
defined as analytic transformations admitting the infinitesimal coordinate change e{z) to be 
holomorphic in the interior of some (not necessarily connected) domain D and identically zero 
in the exterior. In the boundary region this is not a usual conformal mapping. The emphasis 
here is on locality. 

The infinitely many generators of the two dimensional conformal transformations are de- 
scribed using the basis (labelled by n e Z) 

z ^ z' + en{z) , z ^ z' + en{z) 

e„(z) = -^"+i , en(z)^-z^+' (2.3) 

and are given by 

The local conformal algebra is achieved by working out the commutation relations 

The last relation indicates the sphtting of the full algebra into a direct sum of two isomorphic 
subalgebras (each of which is isomorphic to the Witt algebra) , which justifies the common use 
of z and z as independent coordinates. In the bigger complexified space (C — > C^) on which 
the full algebra works, one may then choose various reality conditions. Conventionally one 
imposes the 'physical' condition z = z* (here * means complex conjugation) and recovers the 
Euclidean plane. It is customary and convenient to make use of the splitting of the algebra by 
ignoring the anti-holomorphic part and only in the end to reconstruct the full theory simply 
by adding terms with bars when appropriate. This will be demonstrated in connection with 
Greens functions. 

Only a finite subalgebra of the local algebra is well-defined globally on the Riemann sphere 
{S^ = C U oo). Non-singularity of the vector field v{z) = J2n (^n^^^^dz as z — > resp. as z — > oo 
allows ttn ^ only for n < 1 resp. n > —1 (seen by using the transformation z — —1/w). 
The global conformal group on S"^ is therefore generated by /q, ^i} U{^-ii ^Oi ^i}- The finite 
transformations (projective conformal transformations) form the complex Mobius group 

z — >• — a, 6, c, d e C , ad — he = 1 (2.6) 
cz -\- d 

and is isomorphic to S'L(2,C)/^2 where the quotient by ^2 is due to invariance under 
{a,b,c,d) — > {—a,—b,—c,—d). It is well-known that these are the only analytic one-to-one 

maps of S"^. 

It is the existence of an infinite dimensional symmetry algebra that makes the two dimen- 
sional case unique by implying severe restrictions on the conformally invariant field theory. In 
the remaining part of the thesis considerations are confined to two dimensional CFT. 
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2.1.2 Fields and Operator Product Expansions 

Consider the response of the correlator or expectation value 

(FM) = J D0e-^[*lFM (2.7) 

to a transformation 

= + 6,(f){x) (2.8) 
is collectively denoting the fields in the system. One has 

= 1 Z^0'e-^1'^V [0'] - J D(t)e-^^'^^F [0] 
= J 6, (D0e-^I'^1) F[(j)] + J D(f)e-^^*^6,F [0] 

= / /^0e-^[^] J <fixT^''{x)d,e,{x)F [0] + [0]) (2.9) 

This is the definition of the energy-momentum tensor T^j, suggested here. It is not useful to 
define the energy-momentum tensor in the standard way as the variation of S wrt a change in 
the metric T^^, ~ ^^p^ since for a generally covariant theory this defines a tensor object. As 
will become clear T is often not a true tensor in CFT. Invariance under scaling transformations 
immediately shows that T is traceless, (T'^^F[0]) = 0, while invariance under rotations makes T 
symmetric, (T^jyF[0]) = (Ti.^F[0]). Invariance under translations gives a conserved (divergence 
free) energy-momentum tensor, {dpT^'^ F[(j)\) = 0, since one may integrate by parts due to the 
vanishing outside D. In complex notation this means (introducing T = T^ziT = T^z) 

{Tz-zF [0]) = {T-zzF [0]) = {BTF [0]) = {dfF [0]) = (2.10) 

Using these properties one has 

(5,F[0]) = ^ I cPz{{r^dt-z + T^'dez)F[<P\) 
An Jd 

= ^ [ d'z{{d{Tzzen+d{T-z-ze'))F[<p]) 
Ztx jd 

where the second equality is due to (e) e being (anti-)holomorphic except in an infinitesimal 
region. The last equality uses Stoke's theorem 

— f dhdf(z,z) = i —f(z,z) , — f d^zdf(z,z) = - i —f(z,z) (2.12) 

( p.ll| ) is the conformal Ward identity and is a relation between correlation functions. It is 
customary to write such relations as operator equations 

5,F[0] = / ^e(^)T(.)F[0] - / ^l{z)mm (2.13) 
Jc 2txi Jc 2m 
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and likewise T'^^ = 0, dT = 0, T^j = etc. remembering that they are vahd within cor- 
relation functions. (|2.13|) is also denoted the conformal Ward identity. In the sequel the 
anti-holomorphic sector will often be neglected. 

In quantum field theory time ordering in operator products is imposed. After the convenient 
conformal map 

z = e'^ = 6^+'" (2.14) 

from the cylinder (regularised spacetime, (r, a) are the Euclidean time and compactified space 
coordinates respectively) into the complex plane, time ordering becomes a radial ordering. In 
CFT operator products are always radial ordered (here only bosonic fields are encountered) 

i?(A(.)5(^)) = ' (2.15) 

^ ^ ' ^ " I B{w)A{z) , \z\ <\w\ ^ ' 

though usually R is left understood. One speaks of a radial time r ~ In |z|. 
The generator of infinitesimal conformal transformations ( p.l3| ) is 

Among the fields in the theory those that transform^ as 

5,<P{z, z) = [{hde{z) + e{z)d) + {hde{z) + e{z)d)) (f){z, z) (2.17) 

showing that (l)[z^z){dz)^[dz)^ is conserved, are called primary or conformal tensor fields. 
(A, A) are the weights of and are independent. A + A determines the behaviour under 
scalings and is called the dimension, while A — A determines the behaviour under rotations 
and is called the spin. For chiral fields 0(2;, z) = 0(2;) one has A = 0. The radial ordering gives 
the following description of the generator 



V , , - f , ,) ^e{z)T{z)<p{w) = i ^e{z)T{z)<P{w) (2.18) 

J\w\<\z\ J\z\<\w\J 2m Jw ITXI 



using a contour deformation, where the last integration is around w. Cauchy's integral formula 
gives an alternative way of classifying primary fields 

T{z)Mw) = , ^^^\m w) + —^dMw) + nst (2.19) 
[z — wY z — w 

This is an operator product expansion (OPE) where it is assumed that the Ihs is analytic in a 
neighbourhood around w. nst (non-singular terms) is usually not written. The algebra of the 
fields under operator products (the operator product algebra) is associative. The Ward identity 
for an ra-point function of primary fields may now be written 

/ h- 1 \ 

(T(z)0i(zi)...0n(^n)) = E r^H^ + (0l(Zl)...0„(z„)) (2.20) 

1=1 V ^t) Z Zi J 



^The sign in the anti-holomorphic sector is accounted for by §^ -^z ^ = — 1 
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Since Se{Y\i 0«) = for a global conformal transformation where e is a second degree polynomial, 
Cauchy's integral formula on the integrated version (p.ll|) of ( |2.20|) shows that 

{T{z)(t>i{zi)...(f)n{Zn))z->oo ~ Z'^fi^i, Z^) (2.21) 

for some function /. 

Assume here that the operator product A{z)B{w) can be expanded as 

oo 

A{z)B{w)= i^-^Ti^BUw) (2.22) 

n=— no 

A normal ordering is a prescription for handling the singular limit z — > w for rio > 0. There 
are many possibilities. One is to use a point-splitting regularisation |14]: Denote the normal 
ordered product : A{w)B{w) : and define it by 



: A{w)B{w) : = / 



dz A{z)B{w) 



2Tii z — w 
{AB\{w) (2.23) 



This is neither commutative nor associative, e.g. one finds 



(ABUz) - (BAMz) = Y: ^--^9"(AS)(_„)(^) (2.24) 

n=l 



It satisfies Wick's rule 

dx 1 



A{z){BC)iw)= <f ———(A{z)B{x)Ciw) + B{x)A{z)C{w)) (2.25) 
^ — ^ — ' Jw 2Txi X — w \ - — ^ — ' / 

where the under-brace indicates that one is only considering the contraction or singular part of 
that OPE. 



2.1.3 Virasoro Algebra 

It is a standard exercise in CFT to show that a 2-point function of quasi-primary fields is fixed 
up to a normalisation constant Cu by the global invariances 

(^1(^1)^2(^2)) = -^Shi^h2 , zi2 = zi- Z2 (2.26) 
^12 

A quasi-primary field is primary under projective (global) Mobius transformations. Using ( |2.21D 
one expects 

{T{z)T{w)) = (2.27) 
\z — wy 

where the constant \ is chosen as to produce c = 1 for free bosons (see below), c is called the 
central charge and plays a prominent role in CFT. Thus T has A = 2 and the Ward identity 
gives 

(5,T) = ^^cd\ (2.28) 
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For c 7^ T is not primary. The minimal deviation is in the postulate 

1 



5,T = {2de + ed)T + -^C(9\ (2.29) 
or equivalently in the defining OPE 

T{z)T{w) = ^^/^ + r^^nw) + ^dT{w) (2.30) 
The finite version of ( p.29|) is given the ansatz under z ^ w{z) 

n^)= (^) nw) + ^{w,z} (2.31) 

where {w,z} is to be determined. Two successive transformations z u{z) w{u{z)) result 
in 

{w,z}= (£j {w,u} + {u,z} (2.32) 
It may be argued that the solution to this equation consistent with ( |2.29D is 

d^w(z)dw(z) — I (d'^w(z))'^ 

which is called the Schwartzian derivative. It is easily seen to vanish for a Mobius transformation 
verifying that T is quasi-primary. 

The commutator of two generators is found to be 

c f dz 

[L,,, L,,] = + — —^^{^z)dhi{z) (2.34) 

Choosing the basis e„(z) = z"^^^ and performing a Laurant or mode expansion 

T{z) = Lnz-""-' , L^=<f P-T{z)z^^' (2.35) 

Jo /7r^ 

the commutator becomes the conventional form of the Virasoro algebra 

[L„, Lm] = {n- m)Ln+m + -^{"^ - l)^n.+m,0 (2.36) 
In terms of the modes the condition ( 2.17|) reads 

(f){z)] = z"(A(n + 1) + zd)(l)iz) (2.37) 

Another standard exercise in CFT is to show that the Virasoro algebra (Vir) is a one- 
dimensional central extension of the Witt algebra. In the physics literature c is usually treated 
as a c-number (as in this thesis) though for Vir to be an algebra c G Vir. The treatment is 
justified by the fact that in any representation c has constant eigenvalue. The central charge 
also appears in other respects. In a free bosonic scalar field theory c counts the degrees of 
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freedom. In a CFT defined on a curved background the tracelessness of T is broken by an 
anomaly proportional to c and the curvature scalar [^]. On the cylinder one has using ( p.31|) 
on 

T,yi{z) = z'T{z) - ^ (2.38) 

so c enters in the eigenvalues of the Hamiltonian on the cylinder, if = Lq — ^ + — ^ (in 
general the central charge c of the anti-holomorphic sector is not necessarily equal to c). This 
is sometimes referred to as understanding the central charge as a Casimir effect, due to the 
finite geometry of the cylinder. 

2.1.4 Descendant Fields 

Descendant fields wrt are defined as finite linear combinations of fields of the form 

[...[L,„[L,,,0]]...] (2.39) 

and comprise the infinite dimensional conformal family [0]. Choosing the above conventional 
basis a descendant field may be written [n = [rii, ...,71^)) 



-^\z) = L_^,{z)..l^.^^{z)cp{z) 

dzi T{zi) r dzm T{z.^ 



m) 



fci 27ri {zi — z)"i ^ Icm 27ri {zm — -z)"™ ^ 
where Cj surrounds -Zj+i, ...,Zm,z and Ln{w) appears in a formal expansion around w 



(2.40) 



nz) = E -^^^^ , Uw) = f ^T{zKz - wT^' (2.41) 
Obviously one has 

T{z)<\>{vj) = Y.^z- ^)"- (^) (2.42) 
and by evaluating 5e(T(2;)0(w)) one finds by straightforward calculations 

= ((A + n)9e(u;) + e(w)9) 0(-"Hw^) 



^(^ + 1)' 



-)! 12(n-2) 



and 



T(z)0(-")(m;) = ^n{n^ -\){z-wy-''(p\w) 

n 

+ E(^ + *)('2-«^)"'"V'""H^^) + E('2-^)'"V"''""H«^) (2.44) 

i=l i>0 



T itself is a descendant of the identity /, T{z) = ^^1 



z . 
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2.1.5 States 



The vacuum state |0) may be defined by the condition that it respects the maximum number 
of symmetries. This means that it is annihilated by the maximum number of conserved charges 
(the L^s in pure CFT, see later for more general situations). Due to the central charge there 
are only two possibilities, -L„|0) = for either n > —1 ot n < 1. Since the Hamiltonian is 
bounded (and Hermitian, allowing it to be diagonalised) from below one has 

Ln\0) = , n > -1 (2.45) 

and similarly in the anti-holomorphic sector. Primary states are defined as 

I A, A) = lim ^{z,z)\0) (2.46) 

and using ( |2.37| ), seen to respect 

Lo|A)=A|A) , L„|A) = , n>l (2.47) 
This defines a highest weight vector (state) of weight A. A highest weight module or Verma 



module (see [p6| , |103|| for mathematical accounts) is characterised by the central charge c and 
the weight A of the highest weight vector, and consists of states created from |A) by acting 
thereupon by linear combinations of lowering operators n > 0. The subspace at level 
N > spanned by vectors L„„j...L_„^|A) for which rii + ... + = N, has dimension p{N), 
where p{N) is the partition of (the number of possible ways can be written as a sum of 
positive integers). p{N) appears in the generating function 

J](l-a;")-i = 5]p(n)a;" (2.48) 

n>l n>0 

Again using ( [^.37D one has the correspondence / ~ |0). The act of taking the adjoint of a 
Hermitian operator in Euclidean space-time corresponds to time reversal. This translates into 
the CFT notion of adjoint being 



^2A ^2A \z z 



and one defines ((0| = |0)''') 

(A,A| = lim (O|0(2,z);22A-2A ^2.50) 

For T the notion of adjoint leads to the following hermiticity properties 

4 = L-n (2.51) 



2.1.6 Singular States and the Kac Determinant 

A singular vector in a highest weight module is a highest weight vector itself. The existence of 
a singular vector at a level higher than zero renders the generically irreducible highest weight 
module reducible. Explicit forms for singular vectors in Verma modules for the Virasoro algebra 
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are considered in [|r^ . See for a general discussion of representations of the Virasoro algebra. 
One may obtain knowledge of Virasoro singular vectors by considering the Kac determinants 
They appear as determinants of the p{N) x p{N) dimensional matrices 



mI^) = (A| I UiL^nf" I n iL.mf-\A) (2.52) 



in>l / m>l 



where J^nkn = = > 0. The products are ordered, n(-^-n)'^" = ■■■{L_2)^^{L_i)^^ , 

such that we only consider a basis of states at level N. Such a matrix is obviously Hermitian 
and has zero determinant if there exists an eigenvector v* = (f i, fp(iv)) satisfying v*Mv = 0, 

indicating that || X^'^il^l^'')!! = where (lA-^-*)} is the basis chosen. Since determinants are 
essentially basis independent they uniquely reveal the existence of zero norm vectors. Such 
vectors are called null-vectors and are easily seen to be orthogonal to all states in the Verma 
module. Their number at a given level is equal to the number of zero eigenvalues of the Kac 
determinant Kn- Null-states appear in sub modules generated by singular states different from 



the highest weight state |A). Kac found the general expression for the determinant ^5 



Kn = cn n (A - A„,^)P(^-""^) (2.53) 

n,m>0,nm<N 



with positive constants c^. In the first proof appeared while ||135| , |123|| contain alternative 



proofs. The central charge and the conformal weights (the Kac table) are given by 

An,m = -y ^(na+ + ma_)^ , n,m>l 



a± = ao± \Jat^ + 2 = -j= 

.,2 



c = 1 — 12q;q , 2ao = q;+ + «_ , = —2 (2.54) 

For c, A > 1,0 the Kac determinant has no zeros. A detailed study |6l|] of Kjq reveals that 



unitarity (only positive norm states) imposes severe restrictions. By looking for zeros for K^q in 
the plane c. A, separating regions of positive and negative norm states, one finds that in order 
to have unitarity for c < 1, the central charge is given by 

c = l-——- , n = 3,4,5,... (2.55) 
n[n -\- 1) 



with the associated parametrisations of A ( p.54| ). These are only necessary conditions for 



unitarity (c < 1) while the proof of existence is by coset constructions, see below. Minimal 
models, to be discussed in a subsequent section, are obtained by imposing less severe restrictions. 

2.1.7 Conformal Blocks and Greens Functions 

The projective invariance, generated by Lq, Li}, puts restrictions on the A^-point func- 

tions, leaving them essentially only dependent on the anharmonic ratios Zijki = {zi — Zj){zk — 
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zi)l{{zj — Zk){zi — Zi)) of which only — 3 are independent. The 3-point Greens functions are 
thereby fixed 

(03(^3, ^3)02(^2, ^2)01(2:1, ^1)) 
= Ci23(^2 - ^l)'^-^^+^^(^3 - ;.2)-^='-^^+^n^3 - ^1)-^-^^+^^ 
■ {Z, - Z^r^'^-^^^^^^izs - Z2)-^^'^^+^^(^3 - Z^r^:^-^^^^- (2.56) 

See Chapter 5 for a discussion on the structure constants C123. 

Due to the decomposition Vir © Vir, a general 4-point Greens function (in the 'standard 
projective limit') 

Gijkiiz, z) = {(piioo, cx))0fc(l, 1)0^(2;, z)(f)i{0, 0)) (2.57) 

may be expanded in conformal blocks F^j^j (or chiral blocks for bigger symmetry groups than 
Vir, see later) 

G^.M^,z) = J:C^rCmklFi■tiiz)F!^i^) (2.58) 



If the fusion rule coefficients ||138| , p8| , |105| , |^ are larger than one, then the sum over m 



must be supplemented by a degeneracy index labelling the distinct ways of coupling to the 
field 0m. However, our prime interest lies in the study of CFT based on SL{2) current algebra 
where such subtleties are absent, so we will ignore them here. The blocks behave like and are 
normalised according to 

lim4-)(^) = ,A.-A.-A,(i ^ (2.59) 

and are generically multi- valued functions. Yet, the physical Greens functions are supposed to 
be single-valued functions. The power-like singular behaviours of the blocks of a given 4-point 
Greens function are all distinct and determine the non-trivial monodromies for these blocks. 
Graphically one associates to the blocks, or to the Greens functions, Feynman skeleton diagrams 
for a ip^ type quantum field theory with the fields being the external legs, while the internal 
lines describe the exchanged fields, see Fig. 1 in Chapter 5. The associativity of the operator 
product algebra leads to some duality relations (crossing symmetry or bootstrap equations) 
expressing the Greens function in different expansions 



Cij'^CmkiFi^} {z)Fj;"^1 (z) — ^ Cjk"^CmiiF^'i^}{l - z)Fj^} (1 - ^) 

m 

= z-''^^z-^'^^Y.C,rC^kF^{l/z)F^{l/^ (2.60) 



We shall refer to these channels as s-, t- and u-channels as is standard Mandelstam terminology 
in relativistic kinematics describing particle scattering. Similarly one may define conformal 
blocks for higher A^-point Greens functions. Greens functions are always supposed to be single- 
valued. When the summations (|2.60|) truncate (which is the case in rational CFT, see later), 
the duality means that the blocks transform into finite linear combinations of themselves under 
analytic continuation. Being multi-valued functions the blocks are indeed supposed to be 
defined first in one domain (for a given order of the arguments) and then analytically continued 
to other domains. Since the analytic continuation depends on the path chosen, it is the braid 
group and not the permutation group that acts on the blocks. In this respect a quantum group 
structure is revealed [HOSj I, |lO|, ||]. 
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The decoupling of a null field (the descendant field corresponding to the null vector in 
the Verma module headed by the corresponding primary field) gives rise to certain differential 
equations satisfied by the correlation functions and the conformal blocks. Utilising this is 

sometimes a convenient way of determining the blocks. 

The Ward identities for insertion of symmetry generators (here only T) makes it possible 
to obtain correlation functions involving descendant fields from those of primary fields. 



2.2 Free Fields 

2.2.1 A Digression on Lie Algebras 

Let g be a simple Lie algebra of dim g = d and rank g = r. h is a Cartan subalgebra of g. The 
set of (positive) roots is denoted (A_|_) A and we write a > (3 if for two roots a — P E A^, and 
analogously a > means a e A+. The simple roots are {Q;i}j=i^...^,.. 9 is the highest root and 
h" is the dual Coxeter number. The only non-vanishing elements of the Cartan-Killing form 
are 

2 

l^a,—a — l^{(iai fa) — ^ j l^ij — hj) — Gij (2.61) 

The Cartan matrix is Aij — ■ aj — {a\, aj) — Gija'j/2, while Preudenthal-de Vries strange 
formula states that 

- Ya^'O' (2.62) 

Using the triangular decomposition 

g = g_©h©g+ (2.63) 

we will denote the raising and lowering operators G g+ and /q G g_ respectively with 
a e A_|_, and Cartan operators hi G h. We use the common notation ja for all the algebra 
elements. For simple roots we sometimes write = , fi = fc^ and collectively denote the 3r 
generators e,, /ij, fi Chevalley generators. Their commutator relations are 

[hi,hj\ = Q [ei, fj] = Sijhj 
[hi, Cj] = AijCj [hi, fj] = -Aijfj (2.64) 

In addition one has the Serre relations 

(adej^-^^^e^ = , i^j 

(ad/Ji-^-7,- = , i^j (2.65) 

The Weyl vector is defined as p = ^J2a>o'^ satisfies p • = 1. We use the convention 
f-a-f^ = -fai^- Furthermore 

[eaJa] = h^ = G'^{alanh, 
[hi, Cq] — (cKj , q;)6q, 

[hi, fa] = -«,«)/« (2.66) 
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2.2.2 Bosonic Scalar Field 

Let us consider a set of free bosonic scalar fields Xi{z, z) labelled by Cartan indices i = 1, r 
and described by the action 

S = J d^zdX{z,z) ■dX{z,z) (2.67) 

The metric in X-space is the Cartan part Gij of the Cartan-Killing form. In this notation the 
fields are purely imaginary. The classical equations of motion are 

ddXi{z,z)=0 (2.68) 

from which it follows that dXi (dXi) is (anti-)analytic and is therefore written dXi{z) {dXi{z)). 
The general solution splits the scalar field into a sum of holomorphic and anti-holomorphic 
pieces 

Xi{z,z) = ip,{z) + ^iiz) (2.69) 
The property of path integrals that the integral of a total derivative vanishes, gives 



= {G„S'-{z-w,z-w)}-^dA{X,U,')Xj{w,m)} (2.70) 
Using this together with 

dzBz In 1^; — = 2it6'^{z — w,z — w) (2-71) 
following from Stoke's theorem (|2.12|) , we find the 2-point function 

{Xi{z, z)Xj{w, w)) = Gij In \z - w\'^ (2.72) 



and the OPE 
or equivalent ly 



Xi{z, z)Xj{w, w) = Gij In |z — w\'^+ : Xi(z, z)Xj{w, w) : (2.73) 

ipi{z)ipj{w) = Gij \n{z - w)+ : ipi{z)Lpj{w) : 
ipi{z)(pj{w) = : ipi{z)ipj{w) : 

<^i{z)i^j{w) = Gij\n{z - w)+ : '^i{z)i^j{w) : (2.74) 

whereby we have introduced the normal ordering of free scalar fields by subtracting the sin- 
gular parts. The 2-point function demonstrates that the free fields do not have well-defined 
scaling dimensions, hence they do not rigorously exist as quantum fields Nevertheless, 
we shall only need to consider constructions such as dXi of dimension 1 and vertex operators 
to be defined in ( |2.82| ). According to ( |2.71| ) the normal ordered product satisfies the classical 
equations of motion and may be Taylor expanded. The first term in the expansion precisely 
corresponds to the definition of composite operators in (|2.23|). We have found that inside the 
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normal ordering the scalar fields act as classical fields. The corresponding energy-momentum 
tensor is 

T = ]^: dX ■ dX ■.= ]^: ■ : (2.75) 

and has central charge c = r. This result is the origin of the conventional factor of 1/2 in front 
of c in ( |2.3U ) . The notion of normal ordering is easily generalised along the lines of 

n n n 

Xi{z, z) : Xi^{zj, Zj) := ^ Gu^ In \z-Zj\'^ : J|Xi,(zz, Zi) : + : Xi{z, z) J| Xi^{zj, Zj) : (2.76) 
i=i i=i i^j i=i 

and one has that the OPE of two normal ordered operators can be written as the formal 
expression 

5g Sf ^ 



G[X] :: F[X] := exp J dhcfwdj \n\z-w\ 



6Xi{z, z) 6Xj{w, w) 



: G[X]F[X] : (2.77) 



The outset for a much richer structure is the introduction of a background charge 2ao for 
the fields Xj [6^] . It amounts to adding to the action a term 



S2ao = ^ I dhy^Rp ■ X (2.78) 



coupling the fields Xi to the curvature of the underlying surface. In what follows we will mostly 
be interested in the Riemann sphere S'^ in which case it is possible to localise the curvature at 
the point of infinity (the north pole). Hence, everywhere except in the vicinity of the north 
pole we may use a flat metric and still consider the fields to be free. The equations of motion 
become 

ddX, = ^ao{alp)^R (2.79) 

The corresponding energy-momentum tensor is (found by using the conformal gauge or iso- 
thermal coordinates g^u{z) = e'^^^^5f^u) 



which has central charge 



= ^ : dip ■ dip : -aop ■ d'^ip (2.80) 

c^ = r- I2alp^ = r - —alh^d (2.81) 

where we have used (|2.62| ). In the sequel we will concentrate on the holomorphic part ip and 
put ao = l/^/t, see (^),(|0|). 

The vertex operators later to be used in building primary fields are 

Vy^{z) =: e7i^-'^(^) : (2.82) 
and are seen to have conformal weights 

A(1^a) = ^(A,A + 2p) (2.83) 

Furthermore 

V^{z)V^,{w) = {z- w;)t"-^' : e7!("-'^(^)+"'-'^("')) : (2.84) 
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2.2.3 Ghost Fields 



Ghost fields appear in gauge theory in the Faddeev- Popov procedure of gauge fixing and in string 
theory. Usually one denotes a fermionic ghost system b, c arising when gauge fixing a bosonic 
symmetry, and a bosonic ghost system (3, 7 arising when gauge fixing a fermionic symmetry. 
They are described by first order actions (characterised by having first order kinetic terms as 
for the free Majorana fermion) and are conveniently treated simultaneously by introducing the 
parameter rj, rj = —1 for bosonic statistics and t] = +1 for fermionic statistics. Hence, we will 
now let b, c denote any ghost pair disregarding their statistics and write 

Sr, = ^ f d^z (bdc + bdc) (2.85) 

The rationale for discussing ghost fields in this thesis is not a wish to treat gauge fixing proce- 
dures, rather they appear as building blocks in Wakimoto free field realizations, see Chapter 3. 
The equations of motion ensure that the fields are (anti-)holomorphic. This action is confor- 
mally invariant if b and c have dimensions (A, 0) and (1 — A, 0) respectively, in which case the 
energy-momentum tensor becomes (focusing on the holomorphic part) 

T = r/((l - A) : 96c : -A : 6(9c :) (2.86) 

As for the free scalar field the 2-point function is easy to determine, this time using = 
/ ^ {e~^}^ , and one arrives at the OPE[| 

c{z)b{w) = h : c{z)b{w) : 

z — w 

b(z)c(w) = -^—+ : b(z)c(w) : (2.87) 
z — w 

The conformal dimensions are readily verified and the central charge is easily found to be 

c = -2ri{6X^ - 6X + 1) = ri{l - 3Q^) (2.88) 

where Q = ri{2\ — 1). 

The standard mode expansions read 

b{z) = J2 buZ""-' , c{z) = ^ c„z-"-(i-") (2.89) 

n n 

and give rise to the (anti-)commutation relation 

[bm, Cn]ri = ^m+nfl (2.90) 

where [■,-]ri is a (anti-) commutator for rj = —1 {rj = +1). The ranges for parameters n depend 
on the choice of sector (Neveu-Schwarz versus Ramond). A zero-mode is one for which d 
vanishes throughout the Riemann surface, here the sphere 5*^. Using that for the primary field 
b, b{z) {dz)^ is conserved under the conformal map z one finds the zero-modes of b 

as the ones multiplying functions of z well-defined both in the neighbourhood of and in the 



^The somewhat unconventional factor rj in the action was chosen to produce I3{z)^{w) — ^z^- 
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neighbourhood of oo. This analysis gives an index theorem (Riemann-Roch theorem) for ghost 
fields on the sphere. In general |Q 



tl (zero-modes of c) — jj (zero-modes of b) = -r]Qx (2.91) 

where x = 2(1 — ^f) is the Euler characteristic of the Riemann surface and g is the genus. 
The ghost number operator is 

Ngh=f—J{z) , j{z)=r]:b{z)c{z): (2.92) 

JO ZlTl 

and satisfies [Ngh,b{w)] = b{w) and [Ngh,c{w)] = —c{w). The ghost number current is non- 
primary (or anomalous) for Q 7^ 

T{z)j{w) = - r^ + - + 2.93 

[z — W)-^ [Z — W)^ z — w 



The hermiticity properties are 



ji = -J-n~QSn,0 (2.94) 



In Chapter 4 we elaborate on the case of bosonic ghost fields /5,7 of dimension (1,0). 

In the applications considered in this thesis we shall only need the bosonic ghost fields. It is 
clear that the following rules apply in computations of OPE's when either /3 or 7 fields appear 
with integral powers 

f3{zrF{^{w)) = ■.{(3{z) + ^d,^^)rF{^{w)): 

z — w 

j{zrF{P{w)) = : (7(^) - -l-9^(^))"F(/5(«;)) : (2.95) 

It turns out (see Chapter 4) that we need to be able to treat ghost fields raised to fractional 
powers. The proposal in ||110|| to deal with those cases consists in generalising ( |2.95| ) as 

G{[3{z))F{^{w)) =: G{P{z) + ^9,(.))F(7(«;)) : (2.96) 

z — w 

where the asymptotic expansions for G{j3{z) + jz:;;^d^{w)) and F{'y{w)) would depend on their 
monodromy conditions in the z and w variables respectively. An example relevant in later 
chapters is 

P{z)-'F{^{w)) = : (/3(z) + ^9,(.))-*F(7(u;)) : 

z — w 

= £ ( ) ^ ^"^^^(^ " ^y^'^d-l-^Fijiw)) : (2.97) 
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where t is fractional for admissible representations (to be introduced in Chapter 4) and we then 
see the need for fractional calculus ||124|, p.02|, |126|, p^j. As an example of how the technique 



works we provide in a subsequent section an explicit non-trivial proof (|2.121|) that 



(2.98) 



Additionally, the explicit verification that the iV-point functions in SL{2) current algebra based 
on this proposal satisfy the Knizhnik-Zamolodchikov equations (see Chapter 4), may be viewed 
as a check that fractional calculus does indeed provide us with the requisite properties for Wick 
contractions as defined in ( |2.97| ). 

An alternative to the proposal (p. 96 ) is to write ( p. 95 ) as in ( 2.77| ) 



G(/?(^))F(7(«;)) = exp 



: GiPiz))Fi^iw)) : 



(2.99) 



,z — w 

and then generalise it by allowing asymptotic expansions (see below) of the exponential as in 

1 



V - 

^ T{n - a + 1) 



a G (D 



(2.100) 



To reproduce (|2.97| ) we put a = t. The gamma-function r(a + 1) is the standard analytic 
continuation of 'factorial': r{n + 1) = n\, n non-negative integer. 

For every positive root a > we now introduce a pair of free bosonic ghost fields (/5q,,7") 
of conformal weights (1,0) satisfying the OPE 



The corresponding energy-momentum tensor is 

Tp^ =: Mr ■■ 

with central charge 
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z — w 



Cf3y 



d — r 



(2.101) 



(2.102) 



(2.103) 



We will understand 'properly' repeated root indices as in ( |2.102D to be summed over the positive 
roots. 



2.2.4 Fractional Calculus and Expansions 

Here we briefly introduce fractional calculus | |124| , |102| , [126| , For an analytic function f{z) 
the fractional derivative (or integration) d°'f{z) is defined for complex number a. It satisfies 
the following axioms: 

1. If f{z) is an analytic function, the fractional derivative d"'f{z) is an analytic function of 
z and a. 

2. For a integer, the result must agree with ordinary differentiation (a positive) or integration 
(a negative). By default the integration constants are put to zero, so that the function 
together with a maximum number of derivatives vanish at some point, like z = 0. 
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3. a = is the identity. 

4. Fractional differentiation is linear. 

5. For fractional integration, 3?a > 0, > 

For 3fJa > 0, fractional integration (9~° may be represented by the Riemann-Liouville operator 

d-^fiz) = f\z - tr-'fm (2.104) 
1 [aj Jo 

By induction in the integer n it is shown that for a = n this coincides with ordinary n-fold 
integration given by 

= / dzJ dz2... / dzJiz^) (2.105) 



The third axiom follows from a Taylor expansion of f{t). The semi-group property of axiom 5 
follows from 

d-^d-'fiz) = ^ fdz, rdz,{z-Z2r-\z2-Z,)'-'f{z,) 

= d-^''+''^f{z) (2.106) 



where we have used the substitution u = the Euler integral 

u'-\l-ur-'du=^^^^ (2.107) 
1 (a + o) 

Having defined fractional differentiation for arbitrary negative powers, we may obtain fractional 
derivatives of arbitrary positive powers from these by acting with an integer number of ordinary 
differentiations. Thus, for a > we write a = n — a' where n is a positive integer and < a' < 1, 
and define 

d^fiz) = j\z - tr'~'f{t)d^ (2.108) 

For every pair of complex numbers a, h we have cPd^ = d""^^. We now consider the particular 
case f{z) = z^ and find 

Qa b ^ r(6 + i) 

r(6-a + l) ^ ' 

This holds for both fractional integration and fractional differentiation. Notice that d""! ^ 
for a not a positive integer. 

Let us conclude this section by commenting on various expansions as the one employed in 
( p. 100 ). Since we shall need contractions with the operator (see chapters 4 and 5) 

(1 + 7(z)a;)2j' (2.110) 

we shall find it convenient to represent the expansion of the associated analytic function 

fiz) = {l + zf^ (2.111) 
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in several different ways. Indeed, from 



{I + zf^ = z-^l + zfh"] (2.112) 

we may imagine tliat the last bracket is expanded in integer powers of z in a way convergent 
on the unit circle. Although [(1 + z^^ z"-] has a discontinuity on the circle, it vanishes when we 
take it to be for negative 2, corresponding to choosing the branch cuts along the negative real 
axis. This renders many equivalent representations for the function 



:i + ^f' = (1 + ^)la) = E ( 1 ^""'^ (2-113) 



which are all equivalent in the sense of analytic function theory but which correspond to ex- 
pansions with different monodromies for the individual terms. 
When deciding on what expansion to adopt for the operator 

{l + l{z)x)l^ = E f ) (7Wa:)"+" (2.114) 

we use the criterion, that after all Wick contractions have been performed, powers of j3 and 7 
inside normal ordering signs are non-negative integers. Only then, these terms have an obvious 
interpretation when sandwiched between states. In other terms, the existence of external states 
and other primary fields in the correlator decides what monodromies to choose for individual 
terms in expansions. All of that will be illustrated further in chapters 4 and 5. 
Next, consider the fractional derivative of the exponential function 

D°exp(2)= V — ^ TT^"""' (2.115) 



ne 



^ V{n - a + 1) 



The right hand side is covariant under further differentiation corresponding to the fact that it 
represents the original exponential function. The representation is a peculiar realization of the 
exponential function, which converges asymptotically for \z\ 00. Again the representation 
may be better understood by writing 

exp{z) = z-''[exp{z)z^] (2.116) 

and then introducing for the last bracket a Fourier expansion with integer powers of 2; on a 
circle in the complex z plane. On the circle 

[exp{z)z''] (2.117) 

has a discontinuity which we may take to be for negative z. The Fourier coefficients depend 
on the radius of the circle. However, for large \z\ where the discontinuity becomes vanishingly 
small, they converge to the expansion coefficients in ( p.ll5| ). Thus we take 

D" exp{z) = exp{z) (2.118) 
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for any a. However, we shall find it convenient to use the fractional derivative to represent a 
generating functional for the integrals 

hm / = , (2.119) 

Different a's give rise to representations or expansions of the exponential function in which 
individual terms have different non-trivial monodromies. We shall use D'^ exp{z) simply as a 
reminder of the appropriate expansion needed. Let us notice the following identity for fractional 
derivatives of exponentials 

exp{z)Dl^ exp(w) = D"^'' exp{z + w) (2.120) 



2.2.5 Consistency Check 

In this section we illustrate the non-trivial nature of the workings of the Wick contractions 



(2.121) 



proposed in (|2.96| ), by considering the evaluation [ 110 | of 

IaAz,w) = {P%z)riwmW{w)) 

First we notice the OPE 



P^izh^iw) 



T(a + 1 



w 



a 
n 



1 



{z - wT : {P{z)^{w)y 



(2.122) 



following from (g]9|) and (|]T09D (or alternatively from ([CTI^lOOD and (glOOD ). Now, (|]T2T 



may be evaluated in two ways: either (i) by first using ( 2.122 ) for both parentheses to reduce 
both of them to normal ordered products of integer powers of (3 and 7, and then subsequently 
carrying out all remaining contractions, or else (ii) by simply using ( |2.122| ) with a + h replacing 
a. Obviously these two ways should lead to the same result for consistency. This requirement 
is part of the associativity properties for operators, and we consider them to be justified by the 
fact that the A^-point functions of Chapter 4 satisfy the Knizhnik-Zamolodchikov equations. 
Here we demonstrate that the above condition gives rise to non-trivial identities for which we 
indicate an independent elementary proof. 

The general contractions between integer powers of {3 and 7 are carried out using ( |2.99|) 



exp 

E 



z — w 

1 



r(n + i) r(m + i) 



j3^-\z)-i'^-\w) : (2.123) 



[z - wyn r{n-i + 1) r(m -i + i) 

Then one obtains after a few steps 



r(a + i)r(6+i) 



(z — 



m+n~k—l 



E 

m,n,k,£ 



a 
m 



{m ~ i)\{n - k)\ 



: iPizHw)) 



in+n—k—t 



m 
k 



n 



(2.124) 
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On the other hand the second way of evaluation simply gives the result 

r(a + 6 + l) /a + 6\ {(3{z)^{w)r : 



Defining the generating functions 



N j m 



Fa{x) = E 

N 



m,n,k,i 



we see that the consistency condition may be expressed as 

G„,(x)= + (2.127) 

We now briefly indicate how this identity may be proven. First we notice (see below) that we 
may write 

f a + b\ _ f a + b\ I dt {1 + tY+'' 



r dt 1 + 0°+'' 

i ^^-^ 2.128 



where the contour may be taken as the unit circle, passing through the branch point at t = — 1 
of the integrand (for suitable values of the exponents). Then we write 



k 



p\q\ 



^ ^ J dta {i+ t,Y (1 + hf (1 + ^3)"+^ (1 + UY^' x^^^ 

p,q,k,ei=i-''^o '^^^'^^ h h ''3 M V-T- 

The identity is now obtained by successively doing 1) the sum over £, 2) the integral over ^4, 3) 
the sum over /c, 4) the integral over t3, 5) the integral over ti and ^2 in any order, and 6) the 
sum over q with p + q = N. In each case one picks up residues after suitable deformations of 
the contours. 

Let us illustrate techniques of contour deformations by proving ( p.l28| ). We consider 

/ A(i + trt'-^ = - / A(i _ tn_tr' (2.130) 

On the rhs we take the branch cuts to be along the positive real axis. We may then deform 
the contour to be one starting in 1 (where the integrand vanishes) and surrounding in a way 
such that it 'runs' first just above and then just below the interval from to 1. Compared to 
the negative real axis on which the integrand is positive, we pick up phases when being just 
above/below the positive real axis. Since the contour is always to the left of 1 we only need to 
consider the power of —t. We find 

i + *)°*'"' = (r<l - + i'd - t)"«'-'e-"-"*) 
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where we have used the Euler integral ( p2.1U7D and the gamma-function identity 



r(6)r(i-6) 



with 

Similarly, one may show that 



s{b) 
s{b) = sin(7r6) 



dt 
51 27ri 



{1-tyt 



(2.132) 
(2.133) 

(2.134) 



Now, to make the Ihs well-defined {S^ a closed contour) we must choose the cuts as before. 
Letting the function on the upper sheet be real near the positive real axis between and 1, we 
find 



SI 2m ^ ' 



X _ g27r«(b-l) ^0 



2Tii 

inb / ^ 



^ (1 - tyt'^^dt 



(2.135) 



These formulas and the techniques of contour manipulations will be used repeatedly in the 
following chapters. 

2.3 Minimal Models 



Referring to the notation in (|2.54|) it can be shown ||2T| that for a-./a+ being rational 



a_/a+ 
A. 



-p/q , c = 1 - 

{nq — mpY — {p — qY 
ipq 



6(p - qf 
pq 



(2.136) 



where p and q are co-prime, the operator algebra becomes finite dimensional. In general, a CFT 
with a finite number of primary fields (wrt the chiral algebra, see below) is called a rational 
CFT (RCFT). The nomenclature is due to the fact that the weights and the central charge can 
then be shown to be rational [|138|, |136| , 0]. The CFT's based on (p.l36|) are called minimal 
models and have multiplicities one in their spectra of primary fields. The refiection symmetry 



An^rn = ^p-n,q-m leads to the fundamental region 



< n < p 



< m < q 



p < q 



(2.137) 



For q = p + 1 one recovers the unitary subset ( |2.55|) . 

In Chapter 4 we discuss Hamiltonian reduction of SL{2) current algebra based on admissible 
representation to minimal models. There we put p/q = t whereby a+ = \j2/t and a_ = — -\/2t, 

while the background charge becomes —2ao = —J2/t + \/2i. 
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2.3.1 Dotsenko-Fateev Construction 

Here we discuss a realization of the minimal models due to Dotsenko and Fateev following 
ideas of Feigin and Fuks It is based on a single bosonic scalar field ^ coupled to a 

background charge — 2ao, as described in a preceding section 

if{z)Lp{yS) = In^z — w) 

T{z) = ^ : d^{z)d^{z) : +aod^^{z) 

c = 1 - 12a^ 
Vp{z) = : eP'^^'^ : 

Ap = lp(p-2ao) (2.138) 

is a free field realization of a primary field and A(V^) = Ap = A2ao-p- We shall be interested 
in conformal blocks ^ 

iUypA^d) (2-139) 

i=l 

subject to the charge conservation Y^iLiPi = 2q;o. Charges are defined wrt the (anomalous) 
current j = dip 

[Q, Vp{w)] = pVpiw) , Q=<f ^j{z) (2.140) 

Let us define screening currents as primary fields (vertex operators) of dimension 1. We easily 
find the two solutions 



S±{z) =: Va^iz) : , «±=ao±V«o + 2 (2.141) 

These currents are useful since their conformal properties ensure that the corresponding screen- 
ing charges (integrated currents) can be inserted into correlators without violating the conformal 
structure. They only affect the boundary configuration or total charge, and may be inserted 
into ( p.l39| ) in order that the charge conservation be met. 
The mode expansions read 



!f{z) = + aolnz + Yl " 

77 



: e 



1 

= 2 ^ : a„_ma„ : -«o(^ + l)«n 

[a„, am] = n6n+m,0 ; [C^O; Qifi] = 1 

-P^(-) : = exp l-p y e-P^^^-P"" exp ( -p V — z"" ) (2.142) 

\ ^0 ^ J \ ^0-^ J 

and the projective {SL{2)) invariant ket-vacuum |0) = Is/2) satisfies 

Ln\0) = , n>-l 

an\0) = , n > (2.143) 
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The SL{2) invariant bra- vacuum (S/2I satisfies 



{shlLn 








n < 1 

n< -1 



From considering (5/2] -^^o one finds the hermiticity property 

a|j = a_„ — 2aQ5nfl 
Let us define an SL{2) non-invariant dual bra-vacuum 

(01 = hm(sZ2| : e^""^^") := (5/216^"'"'^ 
which has the advantage that it satisfies 

(0|ao = , (0|0) = 1 



(2.144) 



(2.145) 



(2.146) 



(2.147) 



It corresponds to inserting at infinity the vertex operator : e'^""'^^^^ : of conformal dimension 
zero. The ket-states are defined by 



\p) = hm : eP^(^) : |0) 



2^0 



while dual (bra-) states are defined by 

{p\ = lim (5/2! : e 



{2ao-p)<f{z) . ^2Ap 



(0|e- 



(2.148) 



(2.149) 



Introduce intertwining fields p^, E2|, p6| 



P3 
Pi 



/n m 
n dVk\{dWi(t)p^{z,x)P{Vi, ...,Vn]Wi, ...,Wm) 

k=l i=l 



P{Vi,...,Vn;Wi,...,Wm) = ]]_ S+{Vk) ]]_ S_{Wi) = ]]_ : 6 

k=l i=l k=l 



1=1 



: (2.150) 



with charge conservation pi + P2 — P3 + na+ + ma_ = 0. Now, in the A^-point conformal block 

Wm = (PAr|[0p^_,(;^Ar-i)C_,...[0p,(^,O]:::_,---[0P.(^2)Cbi) (2.151) 

we have the overall charge conservation 

Pi + ...+PM-i-PM + Na+ + Ma^ = Q (2.152) 

where iV, M are the total numbers of screening charges inserted. The notation follows from the 
pictorial version 



Pi 



PZ P2 



Pat 



fi3 1^2 Pi 



(2.153) 
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where 

Pi + P2 - f^2 + n2a+ + m2a_ = 
i^2+P3- 1^3 + + rn^a^ = 

Kj_i + pj — Kj + Uja^ + rrija^ = 

i^j\f-2 + PN-i -PN + nj^^ia^ + mx-ia^ = 

n2 + ... + riAT-i = N 
1712 + ... + mM_i = M (2.154) 

with nj,mj non-negative integers. The charge conservation ensures that formal powers of oo 
arising from the contractions involving : e^'^°'°~P-'^'^'^^°°^ :, is cancelled by oo^^w from ( p.l49|) . 
Thus we may concentrate on the remaining contractions and we find 



N M 



l<i<i'<A/' k=l i=l j,k j,i 



i-<j<j' 

„2 



• n (^fc - iiK - w.r- iiK - w.r' (2.155) 

k<k' i<i' k,i 

For a 4-point function with all Pi = p, the charge conservation reads p = —{Na^ + Ma„)/2 
and leads to a discretisation or quantisation of the common conformal weights 



Ap = l {{N + !)«+ + (M + !)«_)' - ^al (2.156) 



which re-produces the Kac table ( |2.54D since here N, M > 0. An alternative derivation of this 
quantisation also based on free fields is discussed in ||9^, In Chapter 4 we will use the 
notation 

1 — n 1 — m 

ttn.m = Pn,m = ^ H ^ «- (2.157) 

Here we will not go into a discussion of choosing contours, finding the fusion rules, the 
monodromy invariant Greens functions or the operator product algebra coefficients, but refer 
to the original works by Dotsenko and Fateev |^2|, |4^ and by Felder . However, in chapters 



4 and 5 we will consider such issues in the case of a CFT based on SL{2) current algebra. In 
that connection we shall comment on the fusion rules for minimal models. 

2.3.2 A Hidden Duality 

For 4-point functions in the limit (zi, Z2, Z3, z^) (0, z, 1, 00), ( |2.155D reduces to 

. N M N 

k=l i=l k=l k<k' 

M 

■ ii^r-i^ - w^y^'^-ii - w.r^- i[iw, - w,r- invk - w,)-' (2.158) 

i=l i<i' k,i 
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For minimal models where the momenta or charges are quantised 

1 - rrii 



Pi 



l-Ui 



(2.159) 



we write the corresponding primary fields as (pn^mr This notation allows us to state a hidden 
symmetry or duality in the minimal models (in fact, in any DF construction of degenerate 
models) as 



i=l 1=1 

where the fields are subject to the charge conservations 

Pi + P2 + Ps - P4 + Na+ + Ma_ = Pi + P2 + Pa - P4 + Na+ + Ma_ = 
and where 



ni 



n2 



^3 

hi 



rii + n2 - - 



ni+n2 + ns + 



-rii + n2 + n3 - 



-rii + n2 - ris + Hi 



mi 



m2 



m4 



mi + 1712 — ^3 — ^4 



nil + rn2 + + rri/i 



—nil + ^2 + — 



—mi + m2 — ms + m^ 



(2.160) 



(2.161) 



(2.162) 



This relation is denoted 'mysterious' by Andreev M. Nevertheless, in the next section we will 



present a proof of it [112]. 



2.3.3 An Integral Identity 

Here we want to establish the integral identity ||112|| underlying (|2.160|) in the DF constructions. 
Proposition 



where 



1 TV 

/ n d^kvt'ii - vkfii - zvkY n K - ^k'?'' 

•'^ k=l k<k' 



M 



n dwiw^ii - Wif{i - zwiY n 



Wi 



i=l 



ri 1^ 

k=i k<k' 

M N,M 

n dw^wr\i - w^f+'{i - zw,r-'i[{w, - w,)^p n k - w^) 

1=1 i<i' k,i 



I I 

a = —p a 



b' = —p'b c' = —p'c 6' = —p6 p = 1/p 
S = a + c+l- N + {M -l)p 
5' = a' + c +1-M + {N -l)p 



(2.163) 



(2.164) 
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and 



N-l 



K 



NM 



yr T{a' + 1 + ip')T{h' + 1 + ip') 

M r(-c' + M + {-N + 1 + i)p')V{a' + V + d + 2-M + {N-l + i)p') 



i=0 
M-l 

n 

j=0 



V{a+l-N + ip)V{h + 1-N + ip) 

■ + 2-2N +{M -l + i)p) 



T{-c+{-M + l + i)p)T{a + h 



(2.165) 



The left hand side of (|2.163| ) has the structure of the standard integral realization for minimal 
models [42|, leaving out some irrelevant pre-factors ( 2.158|) . There are N,M screening charges 
of the two kinds and they are at positions Vk and Wi, except they have been scaled by z, as to 
scale their integration regions — Jq. The fact that all integrations are like that corresponds 
to considering only one kind of conformal block, where all the integrations are between and 



z 1^^, see also Chapter 5. The integrations are taken to be time ordered in the sense 



TTT dti ~ dti dt2... C dtr 

i=iJo Jo Jti Jt„-i 



1 " 



dti 



(2.166) 



Proof 

The proof [|1 12|| we present of this identity is by brute force and takes several lengthy calcu- 
lations. For the understanding of ( p.l60| ) it is interesting in it's own right. Though, we shall 
mostly be interested in a similar but much more complicated integral identity ( |5.64| ) between 
SL{2) blocks. However, the techniques involved are to a large extend the same in the two cases, 
so let us illustrate them by going over some of the details of the present proof. 

The idea is simply to consider both sides of (|2.163|) as functions of z, and notice that the 
only singularities occur when z — »• 0, 1, cxo. 

The limit z — > is simple. In that limit both sides of (|2.163|) are holomorphic in z (1 — zw ^ 
0) and we may simply put z = 0. Then both sides may be computed in terms of the Dotsenko- 



Fateev integral ( 4.58 ). This gives immediately the normalisation Kj^m- 

The limits z ^ l,oo are much more complicated. Here there will be several different power 
singularities of the form (1 — z)"^ and z^ . We must isolate those and compute their strengths 
and demonstrate that we get the same results for both sides of (|2.163|) . 



Now (1 — zw) is close to for w close to 1, so we split the integration region from to 1 using 
a small positive e as follows (the integrations are time-ordered throughout) 











JO 


Jo Jl-e 



N—n M—m 



\{dvk\{dw, = n n \{dvi\{dw^ (2.167) 

"'O 1.^1 j=i n,m"'0 k=N-n+l i=M-m+l "^^^^ 1=1 j=l 

It is not difficult to check that a particular n, m term will give rise to a particular power of 
{1 — z). One performs the following scalings of the integration variables, w ~ vi,Wj, 



w 



(1 



1 



w 



w 
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dw — >• —dw 

1-w (l-z) 



1 — zw (1 — z 



w 

(1 — z)w + z 



w w 

1 ^1 rl 

(2.168) 



l-£ 



l-z 



One rather easily finds that the power of (1 — z) occurring on both sides of ( p.l63| ) is 

(^l — ^^iN-n){b'+c'+l)+(N~n){N-n-l)p' + {M~m){b+c+l)+(M-m){M-rn-l)p-2(N~n){R4-rn) ^2 Igg) 

The coefficient of this singularity may also be evaluated on both sides in terms of DF integrals. 
It is not, however, immediately obvious that these coefficients are equal. Both sides involves 
many products of terms involving ratios of gamma-functions. One employs over and over again 
the simple identity 

p|^=n(A--l-.) (2.170) 

Thus, it turns out for example that there are factors on both sides involving gamma-functions 
with argument involving a' only (no b,' d). On the left hand side we have 

n-l 

X{V{a' + l + ip') (2.171) 
whereas on the right hand side there are similar factors of the form 

n;io^r(a- + i + ^pO 

niIo"-'r(a' + l-M+(n + 2)p') 
Using the identity ( 2.1701) we find that the ratio between (|2.171|) and ( p.l72| ) is 

TT TT 7 ^ (2.173) 

Similarly one finds that the ratio of terms only involving a is 

n X{{a-n-i+3p) (2.174) 

j=0 j=0 



(2.172) 



Up to powers of p these cancel according to (|2.164|) . By going over the several other different 



factors on both sides and working out the ratios, one finally shows that the product of all ratios 
equals 1. 

This completes the proof that the singularities are identical in the limit z ^ 1. 



oo 
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The strategy is entirely analogous. Now (1 — zw) is close to (or indefinite) for w close to 0, 
so we make the split (time-ordered integrations) 

lo lo ~^ le 

I N M »e M „i N-n M~m 

UdvkUdw, = n dvk n dwj Y[dviY[dwj (2.175) 

"'O i=i n,m"'0 k=N-n+l i=M-m+l "^"^ 1=1 j=l 

The /q integration variables are scaled according to 

1 — w 
w — > 



—zw 

dw —^^ {-z)-^ / — 2.176 

JO Ji zw^ Jo 

This time there is a subtlety in the identification of the two sides since it turns out that we 
must identify the left hand side with n, m with the right hand side with N — n, M — m. It is 
then simple to verify that the power of z on both sides are 

^ ^•j—na' + {N—n)c'—n—n{n—l)p'—rna+{M—rn)c—m—m,(rn—l)p+2nm ^2 ^^7^ 

To check that the coefficients also agree, as before one carries out explicitly the integrations in 
terms of DF integrals resulting in many products of ratios of gamma-functions. Finally, one 
carries out the cumbersome computation showing that the ratios indeed multiply up to 1. 

□ 

Let us remark that the trivial identity 

F{a,(3;r,z) = F{(3,a;r,z) (2.178) 

for hyper-geometric functions 

r(a)r(/3);^o r(7 + n)n! 
is less transparent at the level of integral representations 

F(a, /?; 7; z) = ^.J}^^ C t^-\l - ty-^~\l - zty^'dt (2.180) 



r(/?)r(7-/5) Jo 

However, it is the simplest example of the integral identity ( p.l63| ) with {N,M) = (1,0) or 
(A^, M) = (0, 1). Hence, ( |2.163| ) may be viewed as a highly non-trivial generalisation of ( p.l78| ). 

2.4 Affine Current Algebras 

For every Cartan-Weyl generator ja of a simple Lie algebra g let there be associated a spin 1 
field Ja{z) (of conformal dimension (1,0)). Dimensional analysis leads us to define the operator 
product expansion of these {2D) current algebra generators to be 

Ja{z)Jb{w) = H (2.181) 

[Z — W)^ Z — W 
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where regular terms have been omitted, k is the central extension (see below), commuting 
with all currents and takes on a constant value in any representation, so we will treat it as a 
constant. This is analogue to the treatment of the algebra element c (the central charge) in the 
Virasoro algebra as a constant, /c'' = || is the level. The Chevalley currents (generators) have 
OPE's 



HAz)HAw 



H,{z)E,{w) = ^^E,{w) 

H,{z)F,{w) = ^^F,{w) 
z — w 

E,{z)F,{w) = . ^ '\ +^^H,{w) (2.182) 
[z - wy z -w 

It is wrt the Sugawara construction (originally considered in [|133| , |132|| ) 

= l:J2\iE^Fc. + F^E^) + l{H,H): (2.183) 
that the currents have dimension (1,0). Here we have introduced the parameter 

02 

t=—{k^ + h'') (2.184) 
where is the dual Coxeter number. The central charge is easily found to be 



k" + h'' 

The mode expansion reads 



(2.185) 



Ja{z) = E J:^— ^ (2.186) 
In terms of the modes the algebra is expressed as 



[J:, JH = fab'Jr"" + Kabknd^^^'^ (2.187) 

For n = m = one obtains a subalgebra isomorphic to g. It is often denoted the horizontal 
algebra. One obtains an affine Lie algebra (special case of a Kac-Moody algebra, see |73 



T8| , |103|| ) by including a derivation element D satisfying [D, J"] = nJ" and [D, A;] = 0. In 
view of the fact that the currents have spin one 

J™] = -mJ^"^ (2.188) 

we may take D = —Lq whenever we consider affine Lie algebras in connection with the Virasoro 
algebra. D plays an important role in the study of the root system of the affine Lie algebra. 
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Precisely as the Virasoro algebra is a central extension of the Witt algebra, ( [j.l87| ) is a central 
extension ||119| , |88| of the loop algebra gt = g ® whose basis elements are written 



Ja = ja ® = jain) and satisfies 

[jain),Um)] = [j,,j,](n + m) (2.189) 

The restriction from t G € \ {0} to t E reveals the terminology of loop algebra since then g^ 
may be viewed as the space of smooth mappings, loops, from to the Lie algebra g. 



Generalisations of the Sugawara construction is in the basis of recent developments, see |78 
and references therein. It has given insight in irrational CFT. 



2.4.1 Fields and States 



Having introduced the affine Lie (current) algebra we are in a situation with an enlarged chiral 
algebra, being the semi-direct sum of the Virasoro algebra (based on the Sugawara construction) 
and the affine Lie algebra (with corresponding simple Lie algebra g). By the (anti-)chiral 
algebra we mean the (anti-)holomorphic part of the symmetry algebra of the theory. It is 
natural to try to classify the field content not only wrt the Virasoro algebra but wrt the whole 
chiral algebra. This is part of the foundation of the study of W algebras which generally 
are (non-linear) extensions of the Virasoro algebra. Here we confine ourselves to the case of 
extending by an affine current algebra and refer to the pioneering work on W3 algebra | |142| | by 
Zamolodchikov, some work on Hamiltonian reduction |]4^ , p!5| , 0, ^ , the review paper ||2^ , the 



reprint collection ||28[ and ||122|| . The latter includes several details and unpublished material 
on Hamiltonian reduction of affine SL{3) current algebra and on free field realization of 



algebra. In |148| , |47[| Wn minimal models are considered. The references mentioned are mainly 
concerning bosonic extensions. However, the literature includes a huge amount of material on 
fermionic extensions such as the N = 1 ||121| , |106| , |23| , |62| and N = 2 (see e.g. and 



references therein) superconformal algebras. 

Now, let us define a primary field (multiplet) wrt the current algebra by 



ta 



W 



-4){w) 



(2.190) 



Here ta(/) is a shorthand notation for the action of the matrix ta on the field multiplet, tac/)* = 
{taY jCj)^ ■ Here we do not specify any further the representation that (j) forms of the Lie algebra 
g generated by the horizontal subalgebra. Similarly, the highest weight state 



|A) = lim0(z)|O) 



(2.191) 



see ( |2.202| ) for choice of notation) provides a representation of { J^} satisfying 



ta\\) 





where, in addition to ( |2.45| ), the vacuum satisfies 



n > 



n > 



(2.192) 



(2.193) 
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Note that just like T is not a conformal primary field, Ja is not an affine primary field. The 
(affine) descendants are obtained by acting on the highest weight |A) with the raising operators 
J""", n > 0. One may specify the highest weight state further using the triangular decomposition 
of g 

^°|A) = = J:|A) for n>0 , i/°|A) = K, A)|A) (2.194) 
Integrable (unitary) highest weight representations satisfy 

0<A-^<fc , k'^eZ (2.195) 



Let us end this section by briefly considering the GKO or coset construction [^. We 
have a situation with two Lie algebras g, h where hcg. In the corresponding affine Lie 
algebras we choose the generators of h to be the first dimh generators among the generators 
Jq, a = 1, ...,dimg, of g. Wrt the difference Tgj^ = Tg — T^ we then have 



Tg/h{z)Ja{w) = 



dim h 



(2.196) 



and 



Cg/h = Cg-Ch (2.197) 

The level k'j[ of h depends on the level kg of g through the Dynkin index I^^g of the embedding 

33|. Of particular interest are the cases 



hcg, 



ihcg 



m 13 



1)1+1 



(2.198) 



(the out-most subscripts are the integer levels) which produces the discrete series of central 
charge values ( p.55| ) in the unitary minimal models 



Cg/h 
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+ 



3(/+ 1) 



6 



/ + 2'l + 2 / + 1 + 2 (/ + 2)(/ + 3) 

It is the GKO construction that proves the existence of unitary minimal models {p 



(2.199) 



Similar constructions of the 
minimal models are considered in lEol 11441, E5|, |45 



1 + 2). 

1 minimal models are also considered in while the N = 2 



2.4.2 The Knizhnik-Zamolodchikov Equations 

The currents Ja generate the affine transformations as T generates the conformal transforma- 
tions {e{z) = e''{z)ta) 

6,F{<p{w)) = i ^e'^{z)Uz)F{<j){w)) (2.200) 



27Ti 

This is sometimes referred to as the affine Ward identity. Notably, one has 

{Ja{z)(j)i{Wi)...(j)N{wN)) = Y] {4>l{Wi)...(f)j{Wj)...(j)N{wN)) (2.201) 

Z - Wj 

The index j on in 0^ is just a labelling. Let us now see what we learn from performing 
the OPE using the Sugawara construction and then compare the result with the definition 
( |2.19 ) of being a conformal primary field. From the double pole we find 

. . s K^^tfo (A, A + 2p) , , 
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where A is the highest weight of the representation t^, thus is characterised and sometimes 
labelled by this weight (0 = 0a)- From the single pole we find 

d(j){w) = : Jb{w)(j){w) : 

K^Ha / dz Jbiz)(j){w) ^2 203) 



t Jw 2'Ki z — w 

Inserting this in an A^-point function, deforming the contour into a sum of contours encircling 



the other fields in the correlator and using (|2.201|), we obtain 



^g^^ ^ ^ n'^XiXjMKj I ^^^(^^)___^^(^^)^ ^ (2.204) 



for all Wj. Here we have specified the representations by ta{Xi). This set of equations are 
called the Knizhnik-Zamolodchikov equations due to their first appearance in the seminal work 
[p7[] . In terms of modes ( p.204| ) expresses the decoupling of the combined (Virasoro/affine Lie 



algebra) singular state 

L_i - In^'haJ^' ) 10) (2.205) 



Decoupling of pure affine null vectors are studied in [39|. In a subsequent section we will follow 
and use affine singular vectors to determine the fusion rules for SL{2) current algebra. 
The above considerations pertain to g being simple. For a semi-simple Lie algebra one 



simply has to add appropriate terms in various places, in particular both the Casimir in (|2.202|) 
and the second term in the bracket in (|2.204|) become sums of similar terms. 



2.4.3 WZNW Models 



A Lagrangian realization of a CFT with an affine symmetry is the Wess-Zumino-Novikov- 
Witten (WZNW) theory [p.40| , |107] , |141|] . It is a non-linear cr-model with a compact semi-simple 



Lie group manifold G as target space and is based on the action 



S = k^S 



± 



± 



k"" 

V2-K Jb 



d'zTrig-'dgg-'dg) 
d^yt-P^Tr{g~^d^gg-%gg-^d,g) 



(2.206) 



where k^ is the level of the corresponding affine Lie algebra, while dB = S. In the first term g 
is a map from the two dimensional manifold S to G, : S — > G, while in the second term we 
use the same symbol to represent the extension to the three manifold B, g : B ^ G. The action 
is conformally invariant for the ratio given of the normalisations of the two terms. Different 
extensions of g from S to 5 may give different values of the second term in the action, but 



following Witten ||141|| these amount to additional constants 27ik'^n, n integer. Thus, for the 
path integral weight e*'^ to be unique, k" is necessarily an integer ||141| , |30| . This is related to 
the second and third integer homology groups of G being H2{G] Z) ~ 1 and H^{G\ Z) ~ Z 
in the cases of interest The action respects the Polyakov-Wiegman identity [|118| , |39| 

S+{gh) = S-^ig) + S-^ih) + ^ f d^zTr{g-^dgdhh-^) (2.207) 

27r Js 
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and similarly for S , found by S (g) = S^{g ^). Exploring the identity, the action is seen to 
be invariant under 

giz,z)^niz)g{z,z)n{z) (2.208) 
giving rise to the conserved currents 



J = k'^g-'dg 



J = k^dgg- 



dJ = dJ = 



(2.209) 



satisfying classical versions of (|2.181|) . The models possess unitary highest weight representa- 
tions since the level is integer. The Hilbert space of a WZNW model decomposes into a direct 
sum of highest weight representations |6^, and due to < X ■ 6'^ < , the summation over A 
truncates and the WZNW model based on a compact Lie group G is a RCFT. 

For non-compact Lie groups such as SL{N, H), one is more 'sloppy' and does not restrict k'^ 
to be integer, since Witten's argument is no longer applicable, and the theory may be unbounded 
from below. However, the final quantum theory of interest still makes sense when gauging and 
constraining the WZNW theory fO^, 0, ^ restore the boundedness of the spectrum |^, p6 |. 
Gauged WZNW theories appear e.g. in path integral realizations of the GKO construction 
|68| , |90[| and in the G/G approach to non-critical string theory. 
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Chapter 3 

Free Field Realizations 



Since the work by Wakimoto |139] on free field realizations of affine SL{2) current algebra much 
effort has been made in obtaining similar constructions in more general cases |^0|, ^ ^ |70|, p2 



Many partial results are found in the literature but a general construction is still lacking. 
However, here we present an explicit (generalised) Wakimoto free field realization of affine Lie 
algebras based on simple Lie algebras ||113|| . The method employed is a generalisation of and 
a much more detailed version than the one by Awata et al [0. First one finds differential 
operator realizations of the simple Lie algebras using Gauss decompositions, which we work 
out in details. This was carried out to second order in x in fll]] and by similar methods to all 
orders in ||134|| , though some essential parts are only presented there as recursion relations. The 
framework of isotopic x variables in these works is a generalisation of the situation in SL{2) 
[ p.43| , |110| , 1^ to any simple group. Secondly one quantises the realization by translating into 
free fields and then adding appropriate anomalous terms to the lowering operators [^0|, |9^, |ll[ . 
Such terms were previously only known explicitly in the case of simple roots and for SL{n) 



2^, |50[, but here explicit expressions for all roots are presented. The anomalous terms take 
care of multiple contractions, or in other words of the normal ordering. 

As shown by Dotsenko and Fateev |^2| in the case of minimal models and briefly reviewed in 
Chapter 2, the use of screening currents in constructing conformal blocks and Greens functions 



is essential. In chapters 4 and 5 we shall generalise their work to admissible representations ||89 
(to be introduced in Chapter 4) of affine SL{2) current algebras. Thereby we find use of the 
screening current of the second kind originally introduced by Bershadsky and Ooguri . Here 
we recapitulate the known results p6|, |ll| on screening currents of the first kind in the general 
case. To our knowledge, a completely satisfactory proof of their existence is lacking. We shall 
present some sufficient conditions which are then checked in some details. To be able to treat 
admissible representations of affine SL{2) current algebra we shall find it necessary in chapters 
4 and 5 to include also the screening currents of the second kind. Hence, we shall undertake 
a discussion of those in the general case. In the case of SL{n) we show that they indeed exist 
if screening currents of the first kind exist. We also comment on a quantum group structure 
in the braiding- commutation algebra of the screening currents following ideas of Gomez and 
Sierra 17|, |T20|, ^ 



Finally, one needs explicit free field realizations of primary fields. In the framework of the 
X variables, such realizations are known for SL{2) |110[ but for more general groups little 



is known. Here we initiate the discussion and present some partial results on SL{n) and the 
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complete solution for SL{3) and review the solution for SL{2). 

Throughout we choose to avoid normalising the root system of the Lie algebra by keeping 
the length of the highest root a free parameter. 



3.1 Differential Operator Realization 

Following the idea of |TT| we here discuss | |113| | a differential operator realization of a simple 
Lie algebra g on the polynomial ring ©[x""], given by the following right action 

E^{x,d){\\Z = {X\Zea 
H,{x,d,X){X\Z = {\\ZK 

F„(x,9,A)(A|Z = (A|Z/„ (3.1) 
where Z = e^"'^" and where (A| is a lowest weight vector 

(A|/„ = , (A|/i, = (A|A, , A, = (A,/i,) = (A,«r) (3-2) 

There is an isotopic coordinate for every positive root a > and for brevity we sometimes 
write X* = Before working out the explicit form of the A dependent first order differential 
operators Ea,Hi,Fa, let us briefly argue that they indeed represent a realization of g. The 
verification is based on the associativity 

(A| (Ze'^-) e*^" = {\\Z (e^^^e*^") (3.3) 

where a comparison of terms linear in st gives the desired commutator of the differential oper- 
ators [Ja, Jb] = fah'Jc- As for the affine currents we use the common notation to denote the 
differential operators. We hope it does not lead to any confusion. 
The Gauss decomposition of {\\Ze^^'' is (see also ( p.23| )) 



(A|Zexp(tec,) = (A| exp (x^e^ + tVi{x)ep + 0{t^ 

= {\\e^^{tV^{x)dp + 0{t'))Z 

(A|Zexp(t/ii) = (A| exp {thi) exp (x^e^ + tvf{x)ep + 0(f)) 

= {\\e^^{t{yf{x)dp + \)+o{e))z 



hence 



(A|Zexp(t/,) = (A|exp(tg:;^(x)/^ + 0(t2))exp(tPi^(x)/i, + 0(t' 
■ exp {x^e^ + tv!l^{x)ep + 0(f)) 

= {\\e^v{t(PU^)\ + V^^{x)dp)+0{e))z (3.4) 



E^{x,d) = V!{x)dp 
Hiix,d,\) = Vfix)df, + Xi 

F^{x,d,\) = Vf^{x)dp + Pi^{x)\j (3.5) 
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Here the notation dp = d^p has been introduced. Since Ea{x, d) is independent of A it may be 
defined through a Gauss decomposition alone. The remaining part of this section is devoted to 
determine the polynomials V, P and Q. 

The following versions [[79| , |134|| of the Campbell-Baker-Hausdorff (CBH) formula will be 
used repeatedly 

Lemma 

eV-^ = exp\A + tJ2Mp{&dAYB + 0{t'^ 

I p>0 



p>0 

^A+tB+tc ^ e*^exp<j A + tC-t^Mp(-adAr5 + 0(t^ 



p>i 



e'^ exY>[A + t[A,B]+0{t^)] 



M, = i-iy^ (3.6) 
where the coefficients Bp are the Bernoulli numbers 

- 1 n! 

B2m+i = for m > 1 

11 1 

Bn = 1 , B^ = — , Bo = — , Ba = , ... (3.7) 

u , i 2 6 30 ^ ^ 

Proof 

In order to solve for C the equation of the second version 

one may introduce the two-parameter group element 

=e^(^+*^) (3.9) 

and consider 

dsdtg{t, s)\t=o = Cg{0, s) + Adtgit, s)\t=o (3.10) 

Furthermore, using 

g-^adx^ = e-'^Se'^ (3.11) 

following from 

(-sad^)^ ^ = E ( ^ ) s^(-l)"A"5A^-" (3.12) 
which is easily shown by induction, one has 

ds {giO,s)-%git,s)\t=o) = e'^^'^C (3.13) 
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Now consider the integral 

e~^''^B= / dsig{(),s)-^dtg{t,s)\t=,)ds = C (3.14) 

From this it immediately follows that 

C = Y.M^{-^AaTB (3.15) 

n>0 

The remaining versions of the lemma are simple rewritings of the second version. 
□ 

In [|134|| the V's, are determined by an approach very similar to the one employed in the 
following. However, here and in ||113|| the Gauss decomposition (p.4|) is carried out explicitly 
whereby one is able to determine also the P's and Q's. In | [L34| | functions similar to the P's 
are given by recursion relations while functions similar to the Q's are not discussed. In |jTl| the 
polynomials Vj^ are worked out only to second order in x while only the Chevalley generators 
amongst the lowering operators are considered and similarly worked out to second order. As 
indicated in ( p.4|) one does not need the entire decomposition at this point but later on we will 
make use of it. 



Proposition 



KfW = '^f+E^nC^f;/3.,...,A 
n>l 

\//(x) = -(ar,/5)^^ 

n-m(-a,^i,...,^n) 



n>l /=0 '•v"' '')■ 

^~a{-^) — i'-'-a;/3i,...,/3„-^ ••"^ 

n>l "'• 

Q-'i^) = E (3.16) 



where the contracted structure constants are 

^a;/3i,...,/3„ ~ J Pia J f32ai ■■■Jp„a„-i 
-ib 

^a;l3i,...,l3ri 



= si for n = (3.17) 



and where m = m(— a, Pi, /5„) is defined for a given sequence of roots (—a, Pi, Pn) as the 
minimum integer for which —a + Pi + ... + Pm > 0. 

Lemma 

In any (formal) expansion of the form 

s>0 \ n>l / n>0 
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the following recursion relation is valid ||113 

ao = 1 



n— 1 
1=0 



for n > 



(3.19) 



Proof of lemma 

We have 



s>0 \ n>l 



n>0 



-'Is—ls-l 



X 



1 + E(-1)^ E 

l<s l<ii<i2<...<is 

0<s 0=iQ<ii<...<is<l 

1 - &nX" - E E(-l)'^' E hM.-n■■■h-^X-lX^ 

l<n n>2 0<s 0=jo<n<...<is<i<n. 

1 - 6ix - 5^ + £ 6„_;ai) (3.20) 



n>2 



/=1 



and the lemma is easily read off. 



□ 



Proof of proposition 

Let us notice the following almost trivial relations 



'-^a;/3i,...,/3„ 



^a;Pi,...,f3m^c;Pm+l,-,Pn 



(3.21) 



where ja € {cq,, hi, fa}. Of course one could be more general and let ja G spanjca, hi, fa} but 
we may concentrate on basis elements. It follows that 



Ze*^" = exp x^Cf, + t Y MnCl^p,_py\..x''- + Oif 



(3.22) 



n>0 



and one may read off in the case of a = a. For a = i one may simply use ( p.6| d) and thereby 
determine V^^. The last and by far the most complicated case is a = —a corresponding to a 
lowering operator ja = fa- Using the CBH formula one obtains 



Ze'f- = exp^t Y M„,M„,_„,...M„,_„,_,(-l)"'-"^+'-i 

/>!,«;>. ..>ni>0 



'-^-a;/3i,...,/3„l'-'-7i;/3ni + i,.-A2---'-'-7i-i;/9n;_i+l,...,/3„, 



xf^K-.x^-'f^ + Oit^ 



exp{t Y M„,M„,_„,...M„,_„,_,(-l)"'-"^+'-i 

/>l,ra;>...>ni>0 
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'-^-a;/3i,...,/3„,'-^-7i;/3„i+i,.-A2---'-"-7i-i;/9n,_i+l,...,/3„,^ •••^ '^^ + '-^l'^ 

[ />l,n;>...>ni>0 

7i 72 /^cj— /^/3 

-a;/3i,-..,/3ni '-^-7i;/3„^+i,...,/3„2---'-^-7,_2;/3„j_2+i,.--,/3n;_i a-;/3n;_i+i,---,/3n; 

= exp 1 1 5: ir„,„C:J^^,„„^„x'^^..x^"/^ + 

[ n>0 

• exp 1 1 5: + Oit' 

{ n>l 

■ expL^ + t^: J2 Kn,n^C^.c.,^,,...,py'■..x^"e^ + Oit')\ (3.23) 

[ n>l/3i,...,/3„>0 J 

where a_ G {— a,^} and where we have introduced the coefficients 

Kn,m = Mn+ ^ (" 1)™+^M„, M„2-n, • • -M,, M„_„, 

l</,0<ni<...<n;<m 

= / "^"'^ ' = ^ r3 241 

where m = m(— a, ...,/?„). In the contraction of the contracted structure constants C^.^^ 

it has been used that the summation over c in (|3.17|) reduces to a summation over —7 when 

a = —a and b = a_. Furthermore, we have introduced the parameter 

order to perform the contraction over a_ in the last exponential in the Gauss decomposition. 
The rewriting in ([X^ ) is due to (1 + (-1)"+^) M„ = 6n,i. For m > 1 one now has the generating 
function 

Y: K^,my''-V= ^ (-iy+iA%V+^^(l-B(x)r (3.25) 

n>m>2 l>k>0 s>0 

In order to simplify the expression for Knm we use the lemma on 

E (1 - 5(x))^ = E f- E §^"1 =E^n^" (3-26) 

s>0 s>0 \ n>l / n>0 

and find the recursion relation 

n— 1 73 

The solution is easily proven by induction to be 
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The lemma also proves itself useful in considering 



s 



5(-) = ^ = E -Ez— w =E«nx- (3.29) 

^ ^ s>0 \ n>l\"'^^)- n>0 



which then yields 



n \ (J , n > 1 



i=0 



Finally, from the generating function we find using ( 3.301) that for m > 1 



while it follows immediately from ( |3.30|) that this relation is also valid for m = 1. 

□ 

In the case of a simple root a = aj, Vf^i^) reduces to 

Vf^^ix) = U-a/x'' - Y.{-ITM^,CIp^_pX^x^\..xP- (3.32) 

n>l 

3.1.1 Differential Screening Operators 

By a left action we may define the differential operator Sa 

exp{-te„}Z = e^^{tSa,{x,d) + 0{f)}Z 

S^{x,d) = Sl^{x)dp (3.33) 

It is easily seen that 

So,{x,d) = E^{~x,-d) (3.34) 

This indicates that 

Si{x) = -Vi{x)+f^/x^ (3.35) 

The term differential screening operator is justified by the use of the polynomials 5*^ in con- 
structing screening currents later in this chapter. From the associativity property 

(A| (e-'^-z) e*^" = (A|e-^"" (Ze'^'^) (3.36) 
and the Gauss decomposition ( ^^ , (|3.23|) one deduces 



[E^{x,d),Sp{x,d)] = 

[H,{x,d,X),Sp{x,d)] = {all3)Sp{x,d) 

[F„(x, 9, A), Sp{x, d)] = PUx){a), P)Sp{x, d) + QZl{x){5p,{P'' , A) - //3,-/5.(x, d)) 

[S^{x,d),Sp{x,d)] = fyS^{x,d) (3.37) 

The last commutator follows from the associativity of e~*^"e~*^'^2. For a = ai and j3 = aj the 
commutator [Fa{x,d, X), Sf3{x,d)] becomes 

F^^x, d, X),S^^ (x, d)] = A.x'^'S^^ (x, d) + XAo (3.38) 
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3.1.2 Classical Polynomial Identities 



From the fact that E^, Hi and constitute a differential operator realization of g one may 
easily deduce several interesting polynomial identities amongst the V^'s and P's 

{al(3-a)Vi{x) = {al^)xW,Vf{x) 

{al^ + a)V2M = {al(3)x^dpV2^{x) 

V2{x)d,V^^{x)-V^\x)d,V:{x) = U^V;{x) 

V2{x)d,V2p{x) - V2p{x)d,V:{x) = fa,-f5^V;{x) + U-p-'V^x) - S^f,{a\ a)x'' 

V2^{x)d,V2p{x)-V2p{x)d,V2^{x) = 

V^^{x)dpPU^) = G'^ialan 
V2{x)d,Pl^{x) = U.f^Pl,{x) 



{alP)x%PU^) = K,«)Pi,(x) 



V2^{x)d,Pi^{x)-V2^{x)d,PUx) = -/a/3^Pi,(a;) (3.39) 

These we will denote classical identities since they are based on realizations of Lie algebras. 
Additional relations determined using the Wakimoto free field realizations (of affine current 
algebras) will be denoted quantum identities. This terminology is justified by the point of 
view that the Wakimoto construction corresponds to a quantisation of the differential operator 
realisation. Similarly, ( 3.37|) gives the classical identities 

V2{x)d,S^x)-Sj{x)d,V:{x) = 

{al(3-a)S^M = {ali)xW,S^{x) 

V2^{x)d,S-^{x) - S}{x)d,V2^{x) = PUx){a-,P)S^^{x)-Q-_l{x)fp,.,^S;{x) 

SZix)d,S-pix) - S}{x)d,S:{x) = u^s;{x) 

Sl{x)d,PL^{x) = -Q-Ja{x){alPnG'' (3.40) 



3.2 Wakimoto Free Field Realization 

The free field realization |TT|] is obtained from the differential operator realization by 

the substitution 

da^Paiz) , x"^7"(z) , Xi^Vtdifiiz) (3.41) 

and a subsequent renormalisation by adding an anomalous term, F^{'j{z),d'-f{z)), to the low- 
ering part. This is summarized in 
Proposition 

E^{z) = ■.Vf{j{z))P^{z): 

H,{z) = ■.Vf{^{z))Pp{z):+Vidipi{z) 

F^{z) = ■.v2M^))f3p{z):+Vidv,{z)PUl{z))+F:Hz),d^{z)) 

A(Ja) = 1 (3.42) 
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where the anomalous part for a simple root is (this result was originally found in |S^) 



= 72 + 



2k h''ey2 - a 



a: 



(3.43) 



while for a non-simple root, a = ai-^ + ... + ai„ , n > 1, the anomalous part |113 



IS 



k + t 



n-l 



n 



.D 



ni+2 



I \ ^ ( -| \n—m—l/~i'^i\~^--- 
m=l 

■ {d^''i^)d.d,Vl'a.^^^ (7(^))5.r(.,^+...+„.„)(7(^)) 
- iG'.„..^57"-+^(^)Pl(„,+...+..„)(7(^))) 
Here we have introduced the differential operators 



(3.44) 



(3.45) 



and defined the product = 1, in the sense that DnDn-i...D^ = 1 if n = 2, and 

DnDn^i...Dm+2 = 1 for m = n — 1. We recall ( |3.17| ) that for m = 1 we have C2'i[tai^.°^^ai^ = 
= 1. The anomalous part F^(7(z), ^7(2;)) is seen to be linear in ^7. Indeed, this is 
necessary for Fa to be of weight one. 

Lemma 

^ : {V^d^V,^ - V:d,V!^){^{w))P,{w) : 



+ 



z — w 
-1 



{d,V::d,Vai{w)) + {z- w)dY{w)dpd,V:d,V,^{^{w))} (3.46) 



[z — wY 

The proof of this is obvious. 
Proof of proposition 

The strategy is straightforward, namely one performs the OPE's Ja{z)Jh{w) and T{z)Ja{w) 
using the lemma after which a comparison with (|2.181|) , using the classical polynomial identities 
( |3.39[ ), reduces the problem to the set of quantum polynomial identities of the next section. 
One of those is a recursion relation determining the anomalous part ( p.44| ) from while the 
remaining ones may be seen as consistency conditions on the solution ( p.44| ). The verification 
of the expression in the case of a simple root, F^_, is a fairly simple matter. Since it is known 
[^, [TI[] that the Wakimoto realization ( |3.42| ) exists and the anomalous part is of the form 
found, ^^(7,^7) = Gaf3{'y)d'y^ , we may view the consistency conditions merely as interesting 
quantum polynomial identities. Referring to the next section for details on the solution of the 
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recursion relation, this completes the proof. 
□ 

Let us emphasise that the new result in ||113|| over jS^, ^ jT^, |lT| is the general and explicit 



expression ( |3.44| ) for the anomalous part of the lowering operator in the Wakimoto realization 
( p. 42 ), in addition to the explicit expressions for the polynomials V and P (and Q). As earlier 



stated, these were already worked out to some extend in |TI|, |134| . 
3.2.1 Quantum Polynomial Identities 

The only non-trivial quantum polynomial identities, besides the already found classical identi- 
ties, arise when performing OPE's involving a lowering operator Fg. We find 

2k 

= {a';,a)d,V^f,-{a'(,a)-i''da^^F^p+tG,,Plp 
ial/3)F^ = iala)rdc.F^+iala)drd9,<^F^ 

= 2{p,a'<)Pi^ + d,V\ 
F: = d^W9,-rF: 
d,V^^d^V2p = tG,,P':^Pi^ + V2^da,.F^ + V2pd3,.F: 

WF^ = drd„d,v!^^d,v2p-v2^d,F-p + v2pd,F: 

- tG^.d^d^Pi^Plp - drd.V2^de^-,F; - V2pdrd.de^-,F^ (3.47) 

from the OPE's EF, HF, TF, FF, two identities from each. Not all the identities are indepen- 
dent, e.g. the second to last one follows from the last. The last one is the aforementioned 
recursion relation determining the anomalous part for a non-simple root. The proof of ( |3.44 ) 



goes as follows. In the recursion relation we expand 7 = + ... -t- in simple roots and let 
a = ai^, whereby the two terms including F^ vanish. We then find 



Now the procedure is to replace the anomalous part of RHS using the recursion relation as 
above letting a be the 'last' simple root. In the final step where 7 = + we encounter 

^2F.\ = - 1) dr{z)d^V22^^{^{z)) (3.49) 



explaining the origin of the first term in ( ^.44[ ) . 

3.3 Screening Currents 
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3.3.1 Screening Currents of the First Kind 

The screening currents of the first kind are PBI, ITT 



s,{z) =: S:^{^{z)mz)e-^^-^-^'^''' : (3.50) 

and they satisfy the OPE's 



Proposition 



Ea{z)Sj{w) = 

H,{z)sj{w) = 

aj dw \z - w 



nz)sM = |;(j^^.H) (3.51) 



The last OPE expresses that the screening currents have conformal weights A(sj) = 1. In the 
formahsm presented here the proof of the proposition is a matter of direct verification using the 
classical polynomial identities ( p.40| ). In the case of Fa for a a non-simple root it has not yet 
been proven that the singular part of Fa{z)sj{w) is a total derivative. However, if we assume 
that there exists a polynomial A{'-){w)) such that 

Fa{z)s,{w) = ^ (^A{^{w)) : e-7!"^-^('") :) (3.52) 
ow \z — w J 

we find that a necessary condition is 

2t d 



{Z)Sj{W 



) = --2W- (^^-^' ■■ e-^"^-"^'"^ :) (3.53) 
ttj ow \z — w J 



In the process we derive as sufficient conditions the following two relations 



a 



t 

SidpF: = drd,Vfadpd^Sl-A,drd.SldpPla-d^''d.Sld9,-,F: (3.54) 



They have been checked explicitly for a = + [ [113|| . Furthermore ||113|| , it has been 



checked that for a = (3i + (^2 (A is not necessarily a simple root) the first identity follows from 
the recursion relation ( |3.47| ) and the assumption that ( p.54p is satisfied for Pi and ^2- However, 
the very final step in the proof is still missing. The minimal conclusion is that the first identity 
is satisfied for a being a sum of 3 simple roots while the second identity is satisfied for a being 
a sum of 2 simple roots. In the case of 5'L(3) the highest root is 9 = ai + a2 so in that case 
( ^.501 ) and ( ^.53| ) are seen to be true. 



3.3.2 Screening Currents of the Second Kind 

The only well-known screening current of the second kind is the one by Bershadsky and Ooguri 



for SL{2) p^ , |11CI|| . In ||113|| a generalisation to SL{n) and possibly to all simple groups (see also 
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[^) is discussed. The construction of screening currents of the second kind sj is summarised 
in 



Proposition 



s,{w) =: (5f^.(7H)/5;3He-^"^-^^"'))"^ : (3.55) 



Ea{z)Sj{w) = 

Hi{z)s,{w) = 

T{z)s,{w) = ^(^5,H) (3.56) 



Furthermore 



F^{z)~s,{w) = (^-^ : g:^^(7H) {S^^{l{wm,{w)y'^~\^'-r^^-^ :j (3.57) 

Proof 

It is straightforward to check that Hi{z)sj{w) = and A(sj) = 1. Let us introduce the 
shorthand notation 

SJiz)=: (5f^.(7(z))/3^(z))": (3.58) 
Using the exphcit expressions for and S^. , we find 

E^iz)sjiw) = |:^-^(-l)'(^^)(:9,,...a,,v;%(^)52^••^2^.^^'^ 

- / : 9,,...9,,_,V;^(z)^2>-^2r^^/^^^^/57.^r' ■) (3-59) 

and in the case of SL{n) where a simple root (here aj) appears at most once in the decompo- 
sition of a root, all terms for / > 1 vanish. Hence, in that case we find 



E^{z)SJiw) = -^■.(v^d,S^^^-Sld,Vf)(3pSJ-': 



u 

z — w 

(3.60) 



Similarly for the lowering operator we find in the case of SL{n) 



+ {I ■■ d,,d,AA^m^)Sl]{w)S]\w)S]-\w) : 

- 5., : d,,V^^X^)Sl){w)dpSl]{w)P,,{w)S--\w) :) (3.61) 
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Including the more simple contributions from the -Pl^^ and F^. parts we find 



Z — W \ L J 7 7 . 



u-1 



- {u~ \)b,,d^-d^d,y_^^Sl\df,Sl](i,,SY^) e7!^-^("') : (3.62) 
where u = — 2t/a| and A = taj. A comparison with (|3.56| ) yields the consistency conditions 



2 ^a] ^a'j ^71 ^72 ^ij ^a] ^11 ^-Oi ^72 ^ctj 



x.a c/3 _ 1/9 /9 C71 C72 _x. .f) f) t/72 071/9 cP 



_ 071072/9 a T//3 
2 "-^Oj ^Oj "^71 "^72 ^ ~ai 



(3.63) 



which are checked using the classical polynomial identities. We may conclude that (p.55|) and 
( p.56[ ) work for SL{n). For the more general statement in ( p.57[ ) to be satisfied in the case of 
SL{n), the following relations are sufficient conditions 



2 "^Qj ^'a'j "^71 ^72 ^-o 



(3.64) 



One can verify these conditions using the classical polynomial identities together with the 
consistency conditions (|3.54|) . Hence, we conclude that in the case of SL{n) the screening 
currents of the second kind ( |3.56 ) exist and are well-defined if the screening currents of the first 
kind (|3.50|) exist and are well-defined. Referring to the discussion of a = ctj-^ + at^ in ( p.54|) we 
find that both types of screening currents exist in the case of SL{3). 



□ 



3.4 Primary Fields 

The primary field 0(w, x) is defined by 

Jaiz)(j){w,x) 

T{z)(f){w, x) 



1 



-Ja{x)(f){w,x) 



z — w 

, ^^'^\. 0(w, x) H ^ — d(j){w, x) 

[z — wY z — w 



(3.65) 
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where 



and a is the involution 



Ja = cr{Ja) 



(3.66) 



Fa 

En 



(3.67) 



A(0) is the conformal dimension of 0. 

In the simple case of SL(2) a primary field of spin j, A = 2j, may be written p4| , |110 



0(z,x) = il + x^{z))^Vx{z) 
and has conformal dimension A(0) = ^(A, A + 2p). This is easily verified using 



(3.68) 



E{x 
H{x 
F{x 
E{z 
H{z 
F{z 



—xxd + Ax 
-2xd + A 
d 

(3{z) 

-2 : 7/?(z) : +Vidip{z) 

- : 77/3(z) : +Vid(p{z)-f{z) + k^d-fiz) 



(3.69) 



In general the primary field is labelled by and depends on a highest weight A (generalising 
the notion of spin) in such a way that for a; = it becomes a highest weight field of weight A, 
annihilated by the raising operators Ea- Highest weight fields are exactly the vertex operators 
Vx and since the conformal dimension of the primary field should remain unchanged when x ^ 
one should expect 

(j){w,x)=(j)'{^{w),x)Vx{w) (3.70) 

Indeed such a field is conformally primary and has conformal dimension A{(f)) = ^(A, A + 2p). In 
order to comply with ( |3.65|) for Ja = Hi, we find that (p' is symmetric in 7(w) and x. Due to the 
fact that effectively one can forget the anomalous part when contracting with 0', F^(j)' ~ 0, it is 
then sufficient to consider the cases Ja = Ea, and we obtain the following sufficient conditions, 
one for each a > 



v;^(7)9,,0' = vfMdM' + PU^)\^' 



(3.71) 



One can say even more. By induction in addition of positive roots one can use the classical 
recursion relations ( |3.39| ) in Vj^, and Pi^ to demonstrate that if is a primary field wrt 
Ea and Ej3, then it is a primary field wrt faff E^. This means that there are only r sufficient 
conditions a primary field ( p.70| ) must satisfy: 



(3.72) 



Only in a few cases, to be discussed in the following, solutions have been found ||113|| , though 
we believe that solutions exist in the general case. 
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3.4.1 Case of SL{3) 

In the case of 5*^(3) the primary field is given by 
Proposition 

x) = n f 1 + E pux)puiiz))] ' v,{z) 

j=l \ a>0 ) 

= (l + x'^\z) + (^xV + x'^){}-^\z)^\z) + 7''(^)))'' 

■ (l + xV(^) + (^xV - x'^){^-^\z)^\z) - 7^'(^)))'' Vxiz) (3.73) 

and has conformal dimension A(0) = ^(A, A + 2p). This can be checked using the relevant poly- 
nomials or the proposition ( p.ll6| ) of the next section. Below we have listed all the polynomials 



in the case of SL{3) found by reducing the general expressions of the preceding sections: 



V!^^,ix 



Vf{x) = -2x'6^^^+xX,-x''5^ 

Vi{x) = xX.-2xX.-x'X 

Vf,ix) = -x' Qx^x^ + < + x^ Qx^x^ - - i^x'x'x^x^ + x'^x'^)5^s 

P'ie{x) = Qx^x" + x'^^ 6i + {^-^x'x^ + x^^^ Si 

Q~-I{x) = xX,-xX,+S^ 

Fe^{l,d^) = 1 (r + 1) (97 V - 7 W) + ^^57^' 



1 



Siix) = -6^, + lx'6^e (3.74) 
in addition to the trivial ones Vg{x) = 6q, Sq = —Sg, PLaX^) = x^l, QZa{x) = 1 and 

3.4.2 Case of SL{r + 1 > 4) 

Let us summarise some facts on the simply-laced Lie algebras sl{r + 1) = A,.. The positive 
roots are written 

aij = ai + ... + aj , l<i<j<r (3.75) 
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where r is the rank. The dual Coxeter number is given hy h'^ = r + 1 while the Weyl vector 
can be written 

1 

p = -^i(r + 1 - (3.76) 

^ 1=1 

The structure coefficients are found using 

[ea,,, e„,J = 5k-j,ieaa - 5i_i,ieakj (3.77) 

and the standard symmetries such as fa,f3^^^ = fi3,-a-i3~'^, valid for any simply-laced algebra. 
The corresponding general relation 

f a+f3 £ -a £ -0 

J a,/3 Jl3,-a-l3 J-a-l3,a ^j^-^ 



{a + a2 /32 

valid for all simple groups, follow from the Jacobi identities. We find the following property of 
the Cartan matrix for SL{n) very useful 

(aj^, aki) = , k<i<l (3.79) 

In this section we use the shorthand notations 

Da ~ , Oq^ = dx^^ 5 = dx^j (3.80) 

A natural generalisation of the primary fields of SL{2) and SL{3) is 

<P{w,x) ~ n {R'h{w),x)y' Vx{w) (3.81) 

where R^{'-f,x) is a polynomial in 7 and x. We find that ( |3.72| ) reduces to 

Vf^{j)DpR^{j,x) = \/4(a;)a^i?^'(7,x) + xMi'/?^'(7,a;) (3.82) 



However, as it is stated in [ |113|| , this is not a primary field. It is for the non-existence of 
solutions in the cases 2 < j < r — 1 that we will now argue using that R^{'j, x) can be expanded 
in powers of x^ = x^^ 

R'h,x)=j:{x'^yR^^i^{^,x) (3.83) 



1=0 



where i?|;j(7,x) is independent of x^^ . In the proof of this 'no-go theorem' we let j be an 
arbitrary but fixed integer in the interval given. Insertion of the expansion in ( |3.82| ) leads to 
the following set of equations 

n ^ " i— 1 

vz (7) E (^'0 ^-4) ^) = 5: ^ (^'O " 4) (7, x) 
1=0 1=0 

1=0 
n . 

+ x=5lY.{x''') Rli)h,x) (3.84) 



1=0 
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i = r; N = n: 



Using ( ^.321 ) to explore the dependence on x^^ of Vf^. we consider the powers of x^^ higher 
or equal to n and find 
i = 1; = n + 1: 

= i-x'nix'Td2rtil^) (3.85) 

i = r; N = n + 1: 

= x'''ix'Tdi,r-iRU (3.86) 

i = l- N = n: 

V:,{l){x'rDaRU = —x^x'^nix'T-'Rin) + V_^^,{x)ix'TdpRl^^ (3.87) 

i = j; N = n: 

V:^i^)ix'T D.Rl^) = Vf^^ix)ix'TdpRU + ^Kx'TRU (3-88) 

V^rnx'TDo^RU = -lx^x'^n{x'T-'Rin) + Vf^,.{x){x'TdpRl) (3.89) 
i ^ 1, j,r; N = n: 

V:^i^){x'TDaRU = VtS^){x'TdpRl) (3.90) 
The last equation only exists for r > 4. To indicate the strategy in the most general case of 
r > 4, let us go through the case of r = 3 (where the only possibility is j = 2) and begin by 
summarising 

(^IsRfn) = ^23-R^„) = duRfn) = 

C(7)I^ai?(n) = -^nx^i??„) + Vf,,(x)5^i??„) 
C(7)^ai?(n) = Vt,ix)dpRl^+x'Rl) 

VZ{^)D^Rl^^ = -^nx''Rl^ + vf^,{x)dpRl) (3.91) 

Now we ask when V^ai for P c^iS) '^12, «23 includes x^^ and find that it is only through the 
term 

X fai2,-ai ^^a2 (3.92) 

Using this fact in (|3.91| ) we find 

92i??„) = (3.93) 
Similarly we ask when V^^^ for P 7^ ^^iS) 0^12, «23 includes and find the contribution 

fa23,-oi3 ^^012 (3.94) 

so we may once again conclude that c)2-R^„) = 0. To see that diR?^^-^ = d^R^^-^ = we consider 
the case i = 2(= j) which can be reduced to 

il)D.Rla) = VX ix)d,Rl-^ + VX {x)d,Rl^) + x^Rl^ 

1 



+ ( x23/„23,-«2"' - \x^x\a^^, aa) ) d^R^^ 



(n) 



+ x'Rl^) (3.95) 
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and we immediately read off 

= dsRl) = (3.96) 
We can therefore conclude that R"^^^ only depends on the 7's but then according to ( |3.95| ) 

C(7)^a^(n)(7)=^'^(n)(7) (3.97) 

which means that 

Rl)h,x)=0 (3.98) 

Since this holds for the highest power, n, of x^^ it must hold for all positive integers (or zero) 
less or equal to n and we have finally proven that 

R^{^,x) = (3.99) 

This means that for A2 7^ ( p. 81 ) is not a primary field. 
In the general case r > 4 we have already seen that 

dlrRl) = d2rR\n) = ^l.r-l^J^) = (3.100) 

For 2 < i < J (if any; j might be 2) we consider the appearance of x**" in Vj^q,. starting from 
'the left' i = 2, — 1 and find in the first step 



„2r 



SO 

d3rR{n) = (3.102) 

We continue and conclude 

a,,i?J„) = , l<i<J (3.103) 

where we have included the facts dirR'j^^^ = 52r-R(„) = 0. From the 'other end' i = r — 1, j + 1 
we consider the appearance of x^* and conclude 

diiRl)=0 , j<i<r (3.104) 
Next we consider the appearance of x^'^~^ in V/^ai- 

x''''-'Kr-.,-o.r^-'C^^_, (3.105) 

and we find 

92,.-ii?J„,) = (3.106) 
We continue by putting z = 2, j — 1 in K^q,. and may then conclude that 

= , l<i<3 (3.107) 

From the 'other end' z = r, j ' + 1 we consider the appearance of x^^ and conclude 

d2iR[n)=^ , j<2<r (3.108) 
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Then we consider x^'^ ^ in Vf^i for ^ = I5 •••5 J ~ 1 ^'iid x^^ in Vf^^ for i = r, + 1, and 
conclude 

9i,,_2i?J„) = , l<i<j (3.109) 

and 

93ii?;„)=0 , J<t<r (3.110) 

Following this procedure it allows one to eliminate the dependence of i?-^^^ on all x"', a > aj. 

The procedure eliminating the remaining x's may start by a consideration of i = j and the 
appearance of x^^ . Even though V^aj might include x^^ in many terms, it will only be the term 

(3.111) 

which will be of interest because the other terms will be for f3 > aj. This consideration excludes 
in R-'f^^y We continue by putting i = j — 1 and consider x^'^~^, and so on. We conclude 

duRl) = , l<t<J (3.112) 

Then we look at x"^^ for i = j; then at x^'-'^^ for i = j — 1 etc. We may hereby eliminate 
dependence on all x"', a being to 'the left' of aj. Similarly for the roots on 'the right' of aj, 
starting by considering x^^ for i = j etc. Finally we find that -R|^^ only depends on the 7's 

i?J„)(7,x) = i?J„)(7) (3.113) 

But from 

V;^.(7)/^ai?;„)(7) = K-%(x)9^/?J„)(7)+x^-/?J„)(7) 

we conclude as for the case SL{3) that 

i?J(7,x) = , 2<j<r-l (3.115) 

This concludes the proof of the 'no-go theorem'. 

We do have a partial result in the general case of SL{r + 1), namely the proposition 

Proposition 

For A2 = ... = Ar-i = the primary field is given by 

<P{w, x)=(i + Y: PUiM)PUx)) 7i + E PUlH)P-aix)] ^ V,{w) (3.116) 
Proof 

Firstly we note that the proposition comply with the negative result above and with the cases 
of SL{2) and SL{3). Secondly we only need to verify p.82| ) for j = l,r and we find that it 
reduces to 

Y.v^'Si)D,PUi)PUx) = j: PUi)v^aA^)d,PUx) 

+ x^i(l + Y.PUl)PU^)] (3.117) 

\ a>0 / 
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Using the classical identities ( |3.39| ) we find the sufficient conditions 



which obviously are respected for i ^ j. Due to the observation 
the following are sufficient conditions 



j = l,r 



— ( 
ya 



'X'P-aJX] 



[X 



1 <l <r 
1 < i < r 



(3.118) 



(3.119) 



(3.120) 



These can be verified by induction using the recursion relations ( |3.39| ) in V_a and P^„. 
□ 



3.5 A Quantum Group Structure 

In this section we shall discuss a quantum group structure in the braiding-commutation algebra 



of the screening currents. The original work of this kind is due to Gomez and Sierra for 
the minimal models and was soon after carried out for affine algebras [|120|| , but that work was 
only based on screening currents of the first kind. As we will demonstrate, using the known 



results p. 201 , [76|| it is a simple matter to derive the quantum group structure based on both 
kinds of screening currents. For much more detailed accounts on quantum groups the reader is 
referred to the books [1631 E2l [ 



100, 76 and references therein. 



3.5.1 Hopf Algebra 

A Hopf algebra A is a vector space (over the field F) endowed with the following five operations 



M 


AxA^A 


(multiplication) 


V 


F^A 


(unit map) 


A 


A-^AxA 


(co — multiplication) 


e 


A^F 


(co — unit map) 


7 


A^A 


(antipode) 



which possess the following five properties 

M o{I X M) = M o{M X I) 
M o{I xrj) = I = M o{rix I) 

(/ X A) o A = (A X /) o A 
(e X /) o A = / = (/ X e) o A 
Mo(/x7)oA = r/oe = Mo(7x/)oA 



(associativity) 
(existence of unit) 
(co — associativity) 
(existence of co — unit) 
(existence of antipode) 



(3.121) 



(3.122) 
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The permutation map vr from A x A to A x A is introduced as 

7r(a®6) = 6®a (3.123) 
Using this we define the co-multiphcation A' by 

A' = 7roA (3.124) 
A Hopf algebra is called quasi-triangular if the co-multiplications A and A' are conjugate 

A(a) = RA'{a)R-^ V a G A (3.125) 
where R & A x A is invertible and 

(/xA)(i?) = R,,Ru 

(Ax/)(i?) = i?i3i?23 

(7 X I){R) = R-^ (3.126) 

Here we mean that when we write R = J2i ^ Bi then R12 = J2i ® Bi ^ I, R13R23 = 
Y,ij Ai ® Aj (g) BiBj etc. The notion of quantum groups is usually meant to cover the set 
of (non-co-commutative) quasi-triangular Hopf algebras. From the physicists point of view 
theses are interesting for example because they provide solutions to the Yang-Baxter equation 
of integrable models. 



3.5.2 Screening Current Realization 

In Gomez and Sierra have outlined the derivation of the quantum group structure in the 
general setting of 

S,{z)Sj{w) = e^'^^-5,(w)5,(z) 
S,{z)Vx{w) = e'-''^^Vx{w)Mz) 

Vxiz)Vx'{w) = e'^''^^'Vyiw)Vxiz) (3.127) 

where {5'j}j=i^.,,^2r denote the set of screening currents and {Vx} denote the set of vertex op- 
erators. We use the notation Si = Sj and Si+r = Sj for 1 < i < r. According to there 
exists a quantum group structure when (|3.127|) is satisfied for flij and flw being symmetric. 



Since there is no relative braiding between (3 and 7 we get p{z)''-f{wY = jiw^PizY, hence the 
braiding-commutation of the screening currents will be independent of the (3, 7 part. Therefore 
in our case, one may easily deduce that 

^AA' = -A ■ A' 



iX 



t 

—ai ■ \/t , i <r 

a'(_^ - A , i> r 

ai-aj/t , i,j<r 

ni, = { -''I'^J-r ' i^r<j 

^i-r-^'j-r-i , r<ij 
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The construction of the quantum group heavily relies on contour manipulations analogous 
to the ones employed in chapters 4 and 5. Let us here confine ourselves to outline the strategy 



76[] . First one introduces (for every z) a vector space Va,2 spanned by screened vertex operators 



U\j{z), where I = {ii, is an ordered set of labels of screening currents 

UxA^) = I dwiS,,iwi)... [ dwnS^MVxiz) (3.129) 

J Cl JCn 

The contours all start at infinity, encircle counter-clockwise the branch point z once, and return 
to infinity. They do not intersect, nor do they cross the branch cut from z to infinity. The 
ordering may be chosen such that Ci lies inside Cj for i > j. Let us denote such contours as 
standard contours around z. The vertex operator itself belongs to Va, namely Vx = Ux^. It is 
called the 'highest weight vector', distinguished by the absence of contour structure. 

For every screening current Si we shall define a triplet of operators Fi, Ki and Ei. The 
former is defined as the contour creating operator 

{Ux,i{z)) = f dwS,{w)Ux,i{z) (3.130) 
Jc 

where C is a standard contour around z and encloses the ones in U\j{z). Now choosing the 
branch cuts inherent in Va^ (^i) and Vaj (-22) non-intersecting, we may define the co-multiplication 
A(Fi) on Va,(zi)®Va,(z2) by 



A(Fi) (t/A„/i (2:1) ®f/A2 ,72(^2)) = / dwSi{w)Ux^,iAzi)Ux2,h{z2) 

Jc 

= F,{Ux„iM))Ux„i,{z2) 

+ Kr\U^^jM))Fi{U^,j,{z2)) (3.131) 

where we have introduced the operator 

(UxA^)) = e~^^fe^^''"'^''")t/A,/(^) (3.132) 

The contour C is of the standard type wrt the pair zi and Z2- By an obvious contour deformation 
it may be written as a sum C = Ci + C2 where Ci {C2) is a standard contour around zi (2:2). 
Thereby we performed the rewriting in ( |3.131| ) which resulted in 

A(Fi) = Fi®l + K-^ ®Fi (3.133) 

The co-multiplication of is trivial 

A{Ki) = Ki0Ki (3.134) 

Next we want to introduce the raising operator Ei which should be a contour annihilating 
operator, in some sense dual to Fi. Recall the fundamental property of the screening currents 

/ dwS{w) = / dwdwS{w) (3.135) 
Jc J Jc 



60 



leaving only boundary terms. Thus, let us define implicitly the operator Ei by 



L-iUxr(z) 



-^-1' n / dwiSi,{wi) Vx{z) + Yl dwiSij{wi)L^iVx{z) 

j€J ii&I 



(3.136) 



The last term is a screened descendant of V\ and J denotes the total set of different screening 
currents. The factor {qi — qi^) is for later convenience. Here we have introduced the deformation 
parameters 

qi = e*^^''/2 (3.137) 

Let us here work out the explicit expression for the action of Ei on U\j{z). This computation 
is carried out in |76| only for all screenings being identical. We find {n =dim /) 



^-1' n L, dwiSi^{wi) 



Ci 



e-E,<,f^.. -Q I dwvS,Awv)Vx{z) (3.138) 

■ ^ T\ r ■ T ^ Cit 



from which we obtain 



2m\ V ,^ . r2i,+r2, 



qi - % 



yi\{H} 



(3.139) 



Here we have used that U\j\{ij = for i ^ I. The restriction in the summation means 
~ i if = Si. In the special case of only one type of screening current, (|3.139| ) reduces to 

(f/A;n = Ux,l) 



E.U. 



qi - qi 



[n]g^Ux;n-l 



This is in agreement with [|7^. Here we have introduced 

= 

From the trivial co- multiplication of L_i it is not difficult to work out that 

A{Ei) =E,(^1 + K;^®E, 
After redefining the raising operator by Ei = KiEi the co-multiplication reads 

A(Ei) = Ei(^Ki + l® Ei 
With the following definitions of an anti-pode 7 

AE,) = -E,Kr^ , AKi)=Kr^ , ^Fi) = -K,Fi 



(3.140) 



(3.141) 



(3.142) 



(3.143) 



(3.144) 



61 



and a co-unit e 

e{Ei) = , e{Ki) = 1 , e(F,) = (3.145) 

it is straightforward to verify that the above is indeed a Hopf algebra. The final task is to 
implement quasi-triangularity in the Hopf algebra A. One defines R = -Rai,A2 to be the braiding 
matrix of two screened vertex operators 

Ux,jM)Ux,,hi^2) = E [Rx,M]th U,,j,iz2)U,,j,izi) (3.146) 

I' I' 

We refer to [|76l for details. 

Let us summarise the commutation relations, which are not difficult to determine 

















— Oij _^ 
Qi - Qi 



(3.147) 

and review the defining (Chevalley) commutation relations for the q deformed enveloping alge- 
bra f/g(g) of a simple Lie algebras g 





— kjki 




= ^ Cjki 




— 1i ^ fjki 


Cj, fj] 


ki — kj^ 
Qi - Qi 



(3.148) 

where qi = q^'. D = diag(i5i) is a diagonal matrix symmetrising the Cartan matrix, DiAij = 
DjAji. In addition there are generalised (or quantum) Serre relations which will not concern 
us here. 

In our case we find the deformation parameters ( |3.137| ) to be 

ft = = )v. ' : P.149) 

I e ^-^^ ' , J > r 

We immediately see that each screening current Si, i = l,...,2r, gives rise to a subalgebra 
Uq^{sl{2)) generated by Ki, Fj} with qi given by ( [3.1491 ). Thus, the total quantum group A 
may be viewed as a semi-direct sum of these 2r subalgebras. These are not the only subalgebras. 
Both kinds of screening currents also give rise to a subalgebra each. One observes that with 

g = e*"/* , A = a-/2 (3.150) 

the screening currents of the first kind (S'j, i <r) give rise to the subalgebra Ug{g), due to 
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Similarly, the screening currents of the second kind {Si, i > r) with 

g^e^'^* , A V2 = 2/at. (3.152) 

give rise to the subalgebra Uq{g^), due to 

(g^»)^^^"^'"^ = e±-"- (3.153) 

Here g* is the dual Lie algebra to g, obtained by transposing the Cartan matrix Aij — > Ajj — Aji. 
Hence, alternatively one may view A as the semi-direct sum 

A = ^(g)®scmi^~(g*) (3.154) 

That the sum is only semi-direct is due to the fact that Qij is not a block matrix. For admissible 
representations (see Chapter 4) t is rational and the deformation parameters q and q are roots 
of unity. 

In the discussion on primary fields it was argued that they are products of vertex operators 
and functions of 7. This means that one may generalise the construction above from vertex 
operators of weight A to primary fields labelled by A. 
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Chapter 4 

Chiral Blocks in SL{2) Current Algebra 



iV-point correlators of two dimensional conformal WZNW theories based on affine SL{2) current 
algebra have been much studied already. They are typically constructed either by applying the 
free field realization of Wakimoto ||139|| , from which results have been given for example in 
[TT| , [6^ , |4l[| , or by solving the Knizhnik-Zamolodchikov (KZ) equations ||9^, from which 
results have been given for example in |9^, |143| , ^, |3^, p.27] , |6^ |5^ . Recently the structure of 



solutions of the KZ equations on higher genus Riemann surfaces has been examined |5^. The 
results given in these various pieces of works are quite complete as far as unitary, integrable 
representations |^ are concerned, but appear surprisingly incomplete for the general case, 
including admissible representations see below. In general the WZNW theory (for sl{2)k) 
is characterised by the level k or equivalent ly by t = k + 2. Then degenerate primary fields 



exist for representations characterised by spins jr^s given by fS^, |101 



23r,s + 1 



St 



(4.1) 



with r, s integers. However, previous applications of the free field Wakimoto realization are 
complete only for the case s = which is the full case only for integrable representations. 
The reason for this restriction is fairly natural, since the screening charge usually employed 
in the free field realization is capable of screening just such primary fields. In fact, a possible 
second screening operator capable of screening the general case was proposed by Bershadsky 
and Ooguri p3|, but since it involved fractional powers of the free ghost fields, discussions on 



its interpretation have been only partly successful [41, 64 



In Chapter 2 we outlined how the techniques of fractional calculus [^, |102| , |124| , |126|| nat- 
urally provide a solution. As a result we are able to render the free field Wakimoto realization 
applicable in a straightforward way, and to present how it leads to general integral formulas 
for the A^-point chiral blocks on the sphere. In the process we introduce auxiliary integration 
variables. We shall check that the blocks provide exact solutions to the KZ equations. This is 
merely a check of the procedure. The real merit, we believe, is that we manage to render the 
free field realization straightforward in cases where at first sight it appears very difficult to use. 
It appears from comparing with known solutions in the mathematics literature ||127| , [5^ , that 
our formulas represent fairly powerful ways of dealing with such solutions. We briefly explain 
why the solutions to the KZ equations considered in constitute a class having only little 
overlap with ours and discuss a possible hybrid treatment. Furthermore, we discuss the slightly 
non-trivial way in which projective invariances of our correlators are established. 
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Utilising a freedom in the choice of numbers of screenings needed, we introduce the notion 
of over-screening. In the case of 3-point functions based on our free field realization, we are 



then able to re-derive the fusion rules for admissible representations. In [|12| the fusion rules 



are determined from considering decoupling of singular vectors as they are described in ||101 



Shortly after the same two sets of fusion rules were obtained by cohomological methods |^ 



Only the first set corresponds to a direct generalisation of the situation in integrable represen- 
tations. Our derivation of the fusion rules brings in the question of choosing contours for the 
3-point functions, and we find that a peculiar mix of known contours is needed. The discussion 
of choosing contours for 4-point blocks is postponed to Chapter 5. 

The relation between the SL{2) current algebra and the Virasoro algebra via Hamiltonian 
reduction is well-known |2y, p.l71| . In particular Bershadsky and Ooguri have used the 
powerful BRST formalism for the reduction to establish equivalence between on the one hand 
sl{2)k WZNW theory after reduction, and on the other hand conformal minimal theory labelled 
by (p, g), provided k + 2 = p/q. Here admissible representations are used in the WZNW case, 
see also the work |^ by Feigin and Frenkel. This equivalence is discussed in those references at 
the level of the algebra and of the BRST cohomology of physical states. A particularly simple 
and remarkable realization of these ideas has been discussed by Furlan, Ganchev, Paunov and 
Petkova at the level of A^-point blocks on the sphere. Prior to our work ||110| , |111|| , the 



most detailed analysis of A^-point functions has not been in terms of the free field Wakimoto 
realization. Rather it has been in terms of studying solutions to the KZ equations. Thus Furlan, 
Ganchev, Paunov and Petkova p4| presented a systematic approach whereby one makes use of 
representations of primary SL{2) fields based on two variables (z, x) as described in the previous 
chapter, and utilised in our approach too. The aforementioned interesting proposal checked in 
many explicit examples |6^, is that minimal model conformal blocks are obtained from the 
affine SL{2) blocks by a simple substitution, one of identifying the Xj variables related to the 
i'th SL{2) representation, with the Koba-Nielsen variables Zi. Based on this, solutions of the 
KZ equations are written as power series of [xi — Zi) ||6^, and by construction those solutions are 
selected for which the boundary conditions are, that Xi — Zi = reproduces the corresponding 
minimal model correlator. The expansion coefficients are given in terms of recurrence relations^. 
To make sure that such a solution of the KZ equations really generates the WZNW correlator 
(up to normalisation), a study is performed in |Q of the null vector decoupling that follows 
from that solution, and whether that is as expected for a WZNW correlator. Although this has 
been checked in many examples no explicit general proof has been provided. The relation 
between null vector decoupling in WZNW correlators and minimal model Virasoro correlators 
has been discussed for example in p3 . 



Using our free field realization, the issue of whether the Xj Zi limit gives rise to corre- 
lators in minimal models may be addressed. We shall provide a simple direct proof of this 
formulation of Hamiltonian reduction and evaluate a normalisation constant which occurs. We 
find that the result is obtained in general just by requiring that the Xj's are proportional to the 
Zj's, independent of the common factor of proportionality. This is reasonable because such a 
proportionality constant would depend on normalisations of the fields. Furthermore, we shall 
verify that our correlators based on free field realizations indeed respect the proposed formula- 
tion of Hamiltonian reduction. Finally we compare with more standard forms of Hamiltonian 



In fact, it appears that the sums may be explicitly performed, see the very recent work |65| 
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reduction. 



4.1 Dual States 



Before considering correlators let us define our notations and choices as far as dual states are 
concerned [0, |110|| . We are only going to consider the group SL{2). To comply with the 



notation in ||110| , |111| , |112|| we will not use the conventions of Chapter 3 on free fields but make 
the substitutions 



J+ = 


E 


J' = 


2 


J- = 


F 


k = 


k"" 

[¥ 


ip = 




t = 


2 


j = 


2 



(4.2) 



where the rhs refers to Chapter 3. This results in the following realizations supplemented by 
the introduction of the following notation 



a(J+)(x) 
a{f'){x) 
a{J-)ix) 

J\z) 
J-{z) 

T{z) 
c 

s{z) 
~s{z) 

dn(z) 



= -x'^d^ + 2xj 
Dl = -xd^ + J 
D- = 

- : 7/3 : (^) - ^dy,{z) 

- : 7^/5 : (z) + kd-i{z) - V2i-fdip{z) 

: pdj : (2) + ^ : d^d^ : (z) + -^d^^{z) 

3k 

k + 2 

/3{z)eV^'^^'^ 
(1 + -f{z)xy^ : 



2t 



(4.3) 



where (pj is a primary field with spin j and {(3, 7) is a bosonic ghost pair of conformal weights 
(1,0). Also the phases of the screening currents have been changed. Furthermore we have the 
OPE's 



^{z)^{w) 



\n{z — w) 
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z — w 

[z — wy z — w 

j\z)J^iw) = ±—^J^iw) 
z — w 

J\z)j\w) = (4.4) 

[z — wy 

The ghost number current j = — '■ (3'y '■ may be reahzed as j{z) = d(f){z) where (j){z)(j){w) = 
— hi{z — w). Notice that (p ^ ^. We use the following mode expansions 

J{Z) = Y.JnZ—' 

(p{z) = + ao In z + ^ -^z"" 



+ joln^ + E— (4-5) 



with hermiticity properties (see ([4.10|) ) 



On = a-n - Y ^"^"-0 5 in = "j'-n + ^nfl (4.6) 

The non-trivial commutation relations read 

[jo,g<^] = -1 

[ao, q^] = 1 

[an, am] = n6n+m,o (4.7) 

The ket-vacuum, invariant under both conformal and loop projective SL{2), is |0) satisfying 

f3n\0)= =7„|0) =a„|0) = j„|0), n > 
/3o\0)= =ao|0)=jo|0) 
7o|0)^ 

Ln\0)= , n>-l (4.8) 



with 



an (4.9) 

The normal ordering of modes places annihilation operators to the right of creation operators. 
Correspondingly the SL{2) invariant bra- vacuum (5/2! satisfies 

{sl2\Ln = , n <1 
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{sHPn = , n<0 

{ski jo = 

{sklao = ^(^^2 1 

(s/slO) = (4.10) 

The second to last equality follows from (s^lLo = 0. The last equality is due to the fact that 
the bra-vacuum defined above carries different charges comparing to the ket-vacuum. In what 
follows we shall define another bra- vacuum with all the charges at infinity screened. This will 
be the dual vacuum we are mostly going to use in calculating the correlators. 
We define the dual vacuum state (0| in the WZNW free field reahzation as 



(0| = (s/ale-^^eV'/*"^ (4.11) 

It satisfies 

(0|0) = 1 
(0|7o = 

mo ^ 

(0|ao = 
(0|jo = 

{0\(3{zHw)\0) = (4.12) 
z — w 

Prom the dual vacuum we construct dual bra-states of lowest SL{2) weight 

(j| = (Oje^'v^^^ (4.13) 
This state indeed satisfies the conditions for being a lowest weight state of the affine algebra 











= 


n < 




= 


n< 




= 


n < 



(4.14) 

For the corresponding ket-states 

|j) = e-^'v^''^|0) (4.15) 

we have 

m = 1 (4.16) 

and this ket-state is similarly a highest weight state of the affine algebra. We notice that 

(0|Jo+ = (0|/3o7^0 (4.17) 
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Thus we are performing all calculations with an SL{2) non-invariant bra-vacuum. This gives 
rise to some complications when we wish to prove projective and global (loop projective) SL{2) 
invariance of our correlators. In a subsequent section we shall explicitly demonstrate that the 
above state, {0\(3q, while not being zero is in fact a BRST |]19| exact state in the sense of Felder 



56], and that therefore it must be expected to decouple from all correlators. This decoupling 



we then verify. 



4.1.1 Admissible Representations 



Here we introduce the notion of admissible representations Most of the constructions in 
this chapter and in Chapter 5 pertain to such representations. 

Degenerate highest weight representations may be parameterised as 

2j+ + l = r-st , (r,s)>(l,0) 

2j- + 1 = -r + st , (r, s) > (1, 1) (4.18) 



Among these the admissible ones are characterised by having rational t (or rational level 
k = t-2) 

t = ±- , (P,g) = l (4.19) 
Q 

where {p, q) = 1 means that p and q are co-prime. In the upper case (t = +|) it is possible to 
recover the minimal models by Hamiltonian reduction (see later this chapter) while the lower 
case corresponds to the Liouville series with c > 25 which is dual to the minimal models. Here 
we concentrate on the first case. Any may be written 

U,s = -3t - 1 (4.20) 
and in the case of admissible representations we have the translation symmetries 

p — r — 1 q — s 

Jr,s 2 2 ^ 3p—r,q—s 

Jr,s Jr+np,s+nq 

(4.21) 

One notices the special case of s = (or the series s = nq for admissible representations) which 
is only present in the plus region. Because of the translation symmetry we may choose to work 
with j"*" parametrisations solely. 

Among the admissible representations we find the better known integrable representations 
where 2j is integer, so they simply correspond to the case s = 0. In the following sections we 
shall discuss how one constructs correlators using screening currents in the case of admissible 
representations, generalising the Dotsenko-Fateev construction of minimal models. In order 
to be able to screen both integer (the r part) and fractional (the s part) spins, we need both 
kinds of screening currents. For integrable representations the first kind suffices, and it is exactly 
the introduction of the second kind of screening current that courses many of the complications 
due to the fractional power of the /? ghost field (|47^ ) . 



69 



4.2 3-point Functions 

Let us now consider the evaluation of the (chiral) 3-point function 

{j3\M^,x)\n) (4.22) 

where the dual bra (jsl and the ket were defined in the preceding section. Using the free field 
realizations of (j)j^{z,x), the 3-point function may be evaluated only provided the charges may 
be screened away in a way similar to the one employed in the case of minimal models |^ , see 



above. Correspondingly (f)j^{z,x) is replaced by the intertwining field [4>j2{z,x)]-jl ||5^, ^ ^ 



which maps a ji highest weight module into a js highest weight module. In this case ||110 
are led to consider 



we 



„ s r 

[4>j2{z,x)fJl = J '[[dvjY[dui(f)j^{z,x)P{ui,...,Ur;vi,...,Vs) 

j=l i=l 

s r 

P{Ui,...,Ur;Vi,...,Vs) = Y[s{vj)Y[s{ui) 

j=l i=l 

= n e"^^^"^-) : f[f3{u,) : eV^^^"^) : (4.23) 

j=i i=i 



The Oq charge conservation reads 



Ji + 32 -h = r-st (4.24) 



with r and s non-negative integers. Let us notice that the definition (|3.65|) of the primary 
field ensures that it transforms covariantly under both conformal transformations and loop 
projective transformations, namely as an A(0j) tensor field for the former, and a —j tensor 
field for the latter 

z - f{z) 

X - ""Iflfl , a{z)d{z)-biz)c{z) = l (4.25) 
c[z)x + a[z) 

The last statement follows from the fact that the solution to 

(x)0,(^, x) = 5,(l)j{z, x) = T,e"(x)9,0(2, x) - jT,9,e'^(x)0,(z, x) (4.26) 

is a second order polynomial in x which is indeed an infinitesimal (loop) projective transforma- 
tion. Invariance under (loop) projective transformations, notably the conservation of the ( Jg ) 
Lq charge 

{js\Lo [0,,(;^,x)]j:^ = {js\[Lo, [0,,(^, x)]j:^]|ji) + [0,,(^,x)]J Lo|ji) (4.27) 
determines the singular z-(x-) behaviour 

Osl \<Pniz,x)Y;i \n) = C,,,,,3Z-^-^^+^3a;^-^+^-^3(i + oiz,x)) (4.28) 
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It is obvious that this fact simply follows from putting 2:3, X3 = 00, 2:2, X2 = z,x and zi, xi = 
(taking into account powers of z, x as in (p.50|) ) in the general expression for the 3-point function 

(4.29) 

which is indeed found using the projective invariances (see also ( ^.56D ). In Chapter 5 there will 
be a discussion on the structure constants Cj^^j^j^ appearing as the proportionality constants 
when including the anti-holomorphic sector.. 

The techniques to perform the (p-part of the Wick contractions were described in the section 
on minimal models and we find 

= jfi du, n dv, n uf'^/\i - u,)-''-'/' n («n - 

1=1 j=l i=l i\<i2 

■ n ^1 - ^^f'' n (^n - ^nf Vikn, " v,)-' (4.30) 

Here we concentrate on explaining how to perform the /3,7-part. First we have to determine 
the asymptotic expansion in 7 within (j)j^{z,x). By projective invariance ( [4.28D x could be 
fractionally powered when s ( |4.24| ) is non-zero, hence we should expand asymptotically 



b,,{z,x) = (1 + 7(^)x)J^^,,) : e-^V2/M^) : 



= E [ ^ ) ili^W' ■■ e-^WVM.) : (4.31) 
and as in ( p.97[ ) 

Similarly we deduce 

n/3(^,)-*(i+7( 



s 



^*.)-'5(,„^,,jhw- 



1=1 rii 
s 



Hi r ^ ''^ ' ' iKz) ^ I m- st 

^.n,:,.„^,.„ r(2j2 + 1) 



: ny /3"^(ti;i)(w,-2)* 

tiirv ^ ^ ^ r(2j2 + st + E.^^ + i) 

(1 + 7(2)x)2^'2+'*+S« : (4.33) 
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Notice that in these equations (3 and 7 appear within normal ordering signs with integral 
powers. ( [4.32|) and ( |4.33| ) suggest that we consider some kind of generating function, which 
looks like the exponential function 



In the simple case of 3-point functions we do not gain much by this introduction but for more 
general A^-point function it turns out to be of great value. We shall find it useful to use the 
following rather trivial identity 

(1 + -i{z)xf^ = r(2j + 1) / —-{u-^D)-^^ exp [(1 + -i{z)x)/u] (4.35) 

JO 2711 u 

where D converts the exponential function into the derivative of that function, in particular it 
acts on and only on the entire argument of that function. We now prove the following 

Lemma 

Till 

f5\w) exp [(1 + i{z)x)/u] =: {(3{w) + -^J^fD" exp [(1 + i{z)x)/u] : (4.36) 



Proof 



^"(u7)exp[(l + 7(;z)x)/M] 



nil]-- r{w){w - z)^~'^^--^~^+^[z) : 



{l{z)xY-^ : 



k,m,n \ / 

1 1 



T{k + l)T{n - k - a + m + 1) 



^n-k-a+m ^a-m^-n 



m—a a—m m—a —a+N—k i 



Z 



k,m,N 

f -a + N \ 1 



k / r(-a + 1 



_^-a+N-k^a-N 



Tilt 

= : {[3{w) + ^—fD'' exp [(1 + i{z)x)/u] : (4.37) 

XL) Z 

□ 

We may now calculate the /57 contractions in the 3-point function 



\{P{u,)X{(3-\v,){l + ^{z)x) 



i=i j=i 

27rz u fj{ Ui - z jj-^ Vj - z 

jj-2,+.-si^^p| 1 + 7(^)3: ^ : r(2j + 1) (4.38) 
u 
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When inserted between and |ji) to produce W^'^ (the /?,7 part of the 3-point function) we 
effectively put /3 = = 7 (according to jo charge conservation) whereupon the u integration 
becomes trivial, and we find the result 

= rro-^^^^'^l\ f n ^"^("^ - ^)"' n dv,{v, - zf (4.39) 



r(2j2 - r + St + 1) 



i=\ j=i 



Combining this with the yj-part ( |4.30 ) and using projective invariances to put 2; = 1 = a; we 
obtain 

r(2j2 - r + St + 1) i ,y ' l\ ^ ^^X^ 

■ n (1 - ^^f'^' n (^.1 - n(«^ - ^.o^' (4-40) 

In the derivation we did not pay any attention to the phases. Nevertheless, in the sequel we 
will consider ( [4.40| ) as the defining expression for the 3-point functions. 

The final expression for the 3-point function is obviously depending on the choice of contours. 
However, let us postpone a discussion of these to a subsequent section. 

Due to projective invariance 

W^(J1,J2,J3) OC iy(P(jl,j2,j3)) (4.41) 

for any permutation P where the proportionality constant is non-vanishing and finite. There 
exists an involution 





7 + - J- 




j'3 _ _ J3 , 




f- - 7+ 



— n — "".0 



(4.42) 



Using this one must expect that 

(j3|0,,(^,x)|ji) OC (-j3-l + t/2|4(/,x')|-ji-l + t/2) (4.43) 
again with a non-vanishing and finite proportionality constant and where 



f^'(z',x') = (f)j{z,x)z^x~^^ z' = z,x' = z/x (4.44) 



3 



is seen to be a primary field in the primed notation in the same sense that (f)j{z,x) is primary 
in the unprimed system 

There is a considerable freedom in choosing the numbers of screenings subject to the charge 
conservation ( [4.24|) since p — qt = 0. However, it turns out ||112|| that we only need two different 
sets of screenings 



Standard Screening 



2r = ri + r2 — r3 — 1 

2s = si + S2 - S3 (4.45) 
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Over-screening 



2r = ri + r2 — — 1 + p 
2s = Si + S2 - S3 + q 



(4.46) 



This is denoted over- screening due to the addition of p, q. We will make use of both of these 
when determining the fusion rules below. 

We conclude this section by making a comment on the possible SL{2) representations carried 
by the intertwining field [(f)j^{z,x)]f^. On the ket-vacuum (see (|4.143|) ), 



,32 



(4.47) 



is in a highest weight representation of the SL{2) current algebra with the highest weight state 
1^2)- Similarly on the dual vacuum state, (0| [0j2(^, a;)]^'^ is in a lowest weight representation 
of the SL{2) current algebra with the lowest weight state (j2|- However, when sandwiched 
in the middle of the correlator, the intertwining field [<Pj2{ziXy\'-[ might carry representations 
belonging to the continuous series of the SL{2) algebra. A representation belong to this series 
when neither a highest nor a lowest weight state exists. In our case the intertwining field belong 
to such a representation when both ji +j2 — J3 and ji — j2 — js are non-integers. To understand 
this let us notice that the monodromy of the field forces an expansion of it to be offset the 
integers by a = r — st = ji + j2 — ja 



'^32,32— a— n 



'z,x) 



bj,,,x[z,x) 



X- 



32~\, 



'^32 



2,X[Z) 



(4.48) 



This is a Jq eigenstate decomposition 



Jo^(l>j2Az,x) 

' V^j2,A(^) 
' ^32,- 



\(l)j^^x{z,x) 

(j2 + X)x(l)j2^xiz,x) 

(j2 - X)x'^(f)j2^x{z,x) 



(4.49) 



We see that the condition for [0^2(2;, a;)] ^-J to belong to the continuous series may equivalently 
be characterised by A ^ ^ ± j2- Although in that case [0j2(^5 does not correspond to a 
highest weight representation, it maps a ji highest weight representation to a highest weight 
representation. 



4.3 Fusion Rules 

4.3.1 Decoupling of Singular States 



In ||T2[ the fusion rules are determined from considering decoupling of singular vectors as they 



are described in fllUlll. Here we review this derivation of the fusion rules. 



Let Mj denote the Verma module generated by the highest weight vector \j) ( |2.194|) , notably 
Jq |j) = j\j)- An affine singular vector \x) € Mj of grade (or at level) and charge Q is defined 
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by being a highest weight state itself, of weight j + Q and by satisfying Lq\x) = (Aj + A^)|x), 
where Aj = j(j + l)/t. According to |101|| there exists a unique singular vector \x^) of 
grade N = rs and charge = =Fr when one uses the parametrisation of ( [4.18| ), and it is given 
by [jlOTl 



IX-.) = (i?-i)'-+(^-i)*(Fo)^+(^-2)*...(Fo)^-(^-2)*(i?_i)^-(^-i)*|j,-) (4.50) 

Note the consistency = (j^ =F r){j^ =f — + l)/t = rs. For general t G C \ {0} 

the exponents in ( [4.50| ) are complex numbers, nevertheless it is shown in | 101 | that they make 
sense by analytic continuation. This may be done by rearranging the terms and then show that 
the product of generators lie in the enveloping algebra, thereby rendering the above standard 
singular states. Further discussions and relations to the Virasoro singular vectors can be found 
in 



17, 94 



The analogue of ( [4.2(j| ) but involving a singular state is 

(jsl [<Pni^,x)]^ \xts) = C^.i...3^-^^~^^-'^^-'^^^^"+^'^-^'^=^7t(j^j2,j3)(l + Oiz,x)) (4.51) 

-x'^dx + 2xj)) and the rule ( |2.109| ) for fractional derivation 



Using (U) (Fo = 9„ E_i = z 
one finds 



r—1 s r s 

f^s = n n (Jt + J2 -j3-n + mt)]ll[ (-J+ + j2 +j3 + n- mt) 

ra=0 m=0 n=lm=l 
r—1 s—1 r s—1 

/rTs = n n (-^i" + 32 +33-n + mt) n n + 32 -Js + n- mt) (4.52) 

n=0 m=0 n=l m=l 

For a non- vanishing structure constant Cj-^j^j^, the decoupling of the singular vector |Xrs) is 
equivalent to f^^ = 0. For admissible representations where = jp_j.g_g ( [4.21| ), we have 
the two independent singular vectors \xt,s) \Xp-r,q-s)- Their decouplings result in (now 
ji = it) 



r—1 s r s 

= n n O'l + h -h-n + mt)Y[ n (-^i + ^ +h + n- mt) 

n=0 m=0 n=l m=l 

p— r—1 q— s—1 p— r q— s— 1 

= n II i-h+j2+h-n + mt)Y[ Yl iji+32-h + n-mt) 

n=0 m=0 n=l m=l 



(4.53) 



Now the fusion rules are readily obtained using that if 



X 

y 



n + m + Cx 
n — m + Cy 



am < m < br, 



(4.54) 



then 



X + Cx + Cy + 2a„ < y < -x + + Cy + 2b„ 



X 



~l~ (^y 26ffj ^ y ^ X Cx ~\~ Cy 



2ar 



(4.55) 
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In conclusion, the fusion rules are 
Fusion Rule I 



1 + l^^i — < ''"3 < p — 1 — \ri + r2 — p\ 

|si - S2I < S3 < g - 1 - |si + S2 - g + 1| (4.56) 



Fusion Rule II 



1 + |p — Ti — < rs < p — 1 — |ri — 
l + |g-si-S2-l| < S3 <g-2-|si-S2| (4.57) 

In both cases, and S3 jump in steps of 2. It is easily checked that both sets of fusion rules 
cannot be satisfied simultaneously. 



In [55] the same set of fusion rules are obtained by cohomological methods. 



4.3.2 Standard and Over-screening of 3-point Functions 

In this section we will discuss how the fusion rules arise from the 3-point function ( [4. 401) by 
appropriate choices of contours and numbers of screening currents ||110| , p.l2|| . 

Our considerations will rely on the famous Dotsenko-Fateev (DF) integral (last paper in 
Ref. appendix A, here with minor misprints corrected) 



„1 n m 

1=1 j=l ii<i2 



n,m 

-2 



ji<j2 i,j 

^ t\np')L\ r(p) 

}-J^T{2-2m + a' + b' + (n- l + i)p') 

m-i Y{l-n + a + tp)T{l-n + b + tp) 

r{2-n + a + b+{m-l + i)p) ^ ' ' 

where the parameters are subject to the relations 

a' = -pa , b' = -p'b , p' = p'^ (4.59) 



The integral is real and time ordered ( p.l66 ). In Chapter 5 we shall also need to consider 
another version of this integral, namely 



~ /"OO 

Jnm{a, b;p)=T H IT dvjuf {ui - 1)^' Y[ {ui^ 



1tj2 



i=i j=i n>«2 

71, m 

ji>j2 i,j 

Jnm{~a - 6 + 2(n - 1) - 2(m - l)p, 6; p) (4.60) 
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The last equality follows from changing variables Ui 1/ui 



1/vj and using ( |4.59| ). It 



follows that the 3-point function ( |4.4CI| ) may be evaluated using the DF integration. However, we 
need complex contours, both of the Felder type (a set of closed circle-like contours passing 
through a common point which is the only intersection point) and of the Dotsenko-Fateev |^ 



type (a set of open contours with common end points which are the only intersection points). 
The choice of contours give rise to certain pre-factors multiplying the DF integral. Due to the 
relations ( [4.59|) one may interchange or pull through each other a DF contour of a m variable 
and a DF contour of a f variable |H2 . 



Let us be more specific and consider (|4.4CI| ) in the case of admissible representations. In 
the case that all contours are Felder contours (labelling by 1, ...,r and 1, ...,s the 'circles' from 



in-most to out-most) one finds |p.l2|| 



r(2j2 + 1) 



r(2j2 -r + st + l 



(4.61) 



where the x-functions |112 



(1 _ (,27Ti{ri~j)/t^^i _ ^2nij/t^ 



ri)/ty 

s{l/t) 



(4.62) 



j=i J- e 

= (2,) V'^M-i-i) (4.63) 
j=i s{t} 

(with s{x) = sin(7ra;)) arise when performing contour deformations^. It turns out that the Felder 
contours alone cannot produce a well-defined and non- vanishing 3-point function corresponding 
to fusion rule II (see below). We need the combination that the r screening variables of the first 
kind are integrated along DF contours, while the s screenings of the second kind are taken along 
Felder contours (or vice versa). Let the convention for DF contours be that the labelling puts 
contours with lower indices below contours with higher indices. Now contour manipulations 
give 

W'nFF = KmxfHs,; t) ^.J^'^^'^^}^., Jrs{2ju 2j2 + t; t) (4.64) 

r(2j2 - r + st + l) 

where we have introduced the functions [^2|, |112|] 

A.(l/t) = ne-(^-"^)/*^ (4.65) 



^It is not necessary to introduce two ^-functions since Xn \a,',t) ~ Xrf'(a~ However, it helps clarifying 
the origins of the expressions. 
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Using the alternative combination where the r screening variables of the first kind are integrated 
along Felder contours while the s screening variables are taken along DF contours, results in 
the pre-factor Xr^H^ii l/^)'^s(^)- Similarly one may choose all contours of the DF type and then 
obtain the pre-factor Ar(l/t)As(t). 

The fusion rules determine when a 3-point function is well-defined and non-vanishing. Ac- 
cording to ( ^.411 ) and ( [4 .431 ) the fusion rules should be invariant under certain transformations. 



Because of the translation symmetry ( [4.21|) we may choose to work with parameterisations 



whereby we choose the fusion rules to be expressed in terms of such parameterisations. Hence 
the transformations are 

(ri, ra, rg; Si, S2, S3) (P(ri, ra, rg); P(si, S2, S3)) (4.66) 

and 

n p — ri 

r2 r2 

rs p-rs 

si g - si - 1 

52 S2 

53 ^ g-S3-l (4.67) 



Of course these may be invoked in any order. The exact form of ( [4.67|) follows from ( [4.43|) since 
ji -ji -l + t/2 corresponds to (r^, Si) ^ {p - ri,q - Si - 1). 

Even before going into a detailed evaluation of the gamma- and sine-functions in the 3- 
point function we can derive the fusion rules as necessary conditions for a 3-point function to 



be well-defined. Let us consider the case of over-screening ( 4.46 ). Assume that r > p which 
means that ri + r2 — r3 — 1 + p > 2p and therefore ra < —p — 1 + ri + r2. If this inequality 
is allowed by a set of fusion rules then we may impose permutation invariance (f4.66|) leading 
to p -|- 1 -|- |ri — ral < < —p ~ 1 + ri + r2. Without loss of generality we let ri > ra and 
find p + 1 + ri — r2 < —p — 1 -|- ri -|- ra or equivalently p + 1 < r2 which takes us out of the 
standard region, so we conclude that r < p. This leads to 2r < 2p — 2 and —p+1 + ri + r2 < r3. 
Imposing permutation invariance ( [4.66| ) yields —p + l + ri + r2 < ra < p — 1 — |ri — raj. Finally 
we impose the involutionary invariance ( [4.671 ) and obtain 

1 + |p — Ti — ral < r3 < p — 1 — |ri — ral (4.68) 

Similarly the assumption s > q will take us out of the standard region by g < S2 < si. On the 
other hand s < q leads to — g-|-2-|-si + S2 < S3 and as before we impose permutation invariance 
( [4.66[ ) yielding —q + 2 -|- si -|- S2 < S3 < g — 2 — |si — S2I and finally the involution ( f4.67| ) gives 

1 + |g - 1 - si - S2I < S3 < g - 2 - |si - S2I (4.69) 

and we have obtained fusion rule II. Fusion rule I follows as necessary conditions simply from 
imposing the invariances on the conditions r, s > 0. 

Now we want to establish that the 3-point function ( [4.40| ) with Felder contours (|4.61|) is 



well-defined and non-vanishing exactly when fusion rule I is imposed. Furthermore, we want to 
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establish that ( ^4.401 ), with the combination of the r screening variables of the first kind being 



integrated along DF contours and the s screening variables taken along Felder contours ( [4.64| ) 



is well-defined and non-vanishing exactly when fusion rule II is imposed. In the verification we 
allow cancellations of the form r(0) /r(0) = 1. Since we have already found that the fusion rules 
are necessary conditions we only need to show that indeed they are sufficient conditions. Thus, 
we simply count the numbers of r(0) and l/r(0) in J7rs(2ji,2j2 + t;t) and in the pre-factors 
when imposing the fusion rules. The sufficient conditions are then equivalent to equality of 
these numbers. Notice that s(0) ~ l/r(0). We find that for fusion rule I all terms are regular 

Km ~ Xsit) ~ xi'\n; l/t) ~ xf\sv, t) ~ ^,^^^'^^'^^}^,, - Jrs{23,, 2h + t;t)^l 

1 (2j2 - r + st + I) 

(4.70) 

while for fusion rule II we find 



A,(l/t) ~ A,(t) ~ 1 

x^;\n;i/t)^x?\s^;t) ~ i/r(o) 
r(2j2 + 1) 



T{2j2-r + st + l) ~ ^ 
j;.(2ji,2j2 + t;t) ~ (r(0))Vr(0) (4.71) 

This concludes the derivation of the fusion rules from the free field realization of the 3-point 
function. 

The above analysis shows that for fusion rule I, ( [4.4CI| ) is well-defined and non-vanishing for 
all 4 combinations of contours [FF, FDF, DFF, DFDF), while for fusion rule II we need a 
combination of Felder and DF contours [DFF, FDF). Hence, for a given set of fusion rules a 
choice of contours among these allowed possibilities only affects the normalisation of the 3-point 
function. 



4.3.3 Over-screening in Minimal Models 



The fusion rules for minimal models have been known in many years However, the 

technique of over- screening might reveal the existence of an unknown second set of fusion rules. 
This turns out not to be the case as one should expect, since in minimal models the primary 
fields are solely specified by their conformal weights, contrary to the primary fields in SL{2) 
current which are characterised by spins as well. Nevertheless, we will present an explicit 
analysis of this lack of a second set of fusion rules. 

Consider the minimal model 3-point function (in the limits z^, Z2, zi oo, 1, 0) 

N 



k=l k<k' 



M N,M 

■ Y[dw,w:-''-'''-{l-w,r-^'-^"-l[{w,-w,r- l[{vk-w,)-' (4.72) 

i=l i<i' k,i 

where the charge conservation reads 

ani,mi + Ona.ma " ttna.mg + Na+ + Ma_ = (4.73) 
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Using the rationality condition = —p/q = —t (where /2 = t, ol\/2 = we consider 

the following screenings 

Standard Screening 

^=^(^1+^2-^3-1) , M = ^(mi + m2 -ma - 1) (4.74) 
Over-screening 

N = ^{rii + n2 - - 1 + p) , M = ^(mi + m2 - ms - 1 + g) (4-75) 
Choosing all contours to be Felder contours and considering standard screening, yields 

Wff = xi\ni; l/t)xfh^i - l;t)JNM{ni - 1 - (mi - l)t,n2 - I - {m^ - l)t;t) (4.76) 
This is seen to be non-vanishing and well-defined exactly when one employs the fusion rules 

1 + \ni — < ris < p — 1 — \p — rii — 
1 + |mi — m2| < m3 < q — 1 — \q — mi — m2| (4.77) 

where ns and jump in steps of 2. If we consider over- screening and choose the contours 
as DF contours and the M contours as Felder contours, we find 

Wdff = A^(l/t)xl?(mi - l;t)JNM{ni - 1 - (mi - l)t,n2 - 1 - (ma - l)t;t) (4.78) 

An analysis of this along the lines indicated above, one finds the cancellation (r(0)/r(0))^ 
exactly when 

+ \p — fii — < < p — 1 — |?2i — 

1 + |g — mi — mal < < — 1 — |mi — ma] (4.79) 

However, the point is that this set of fusion rules is obtained from ( |4.77| ) simply by transforming 
n3, m3 — >■ p — 77,3, q — m^, while the conformal weights enjoy the symmetry 

^n,m ^p—n,q—m (4.80) 



In conclusion, ( 4.79 ) is equivalent to ( 4.77] ), and the act of over-screening in minimal models 



merely reflects the freedom (|4.8CI| ) in parametrising the primary fields. 

4.4 A^-point Functions 

We wish to evaluate the chiral block 

Wn = {3N\[^,,_A^N-l.XN-l)]{l_^AK{^n.Xn)^^^^^^^^ (4.81) 

Thus we have primary fields at points 

Zi = Q,Z2,...,zn_i,zn = oc (4.82) 
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having x values 

From the pictorial version 



Xi — 0, X2, Xn-1, 'Xn = oo 



(4.83) 



JN-I 



Jn 



JN I'M -2 I'n l'n-1 

one reads off the following screening conditions 



i3 



ji + 32 -1-2 = P2- cr2t 

(-2 + js -1-3 = P3 - CTst 



J3 J2 



1-2 



(4.84) 



l-N-2 + jN-l — jN — PN-1 — CTN-lt 
2ji +1 = Ti- Sit 



(4.85) 



with (T„, Pn non-negative integers, while the last line is the usual parametrisation of the weights. 
We then get for the (3, 7 part of the correlator, denoting by w{n, i) and v{n, k) the positions of 
the i'th and the /c'th screening currents of the first and second kinds respectively around the 
n'th primary field 

N-l a„ pn 

= (jati n(i+^n7(^n))^^"n[/?K^>^))r*n/^w^>o)iii) 

n=2 k=l i=l 

N-1 J Pn Un 



n=2 27ri k=l 



(JnI ■■ {P{w{n,i)) + 



w[n,i] 



f3{v{n,k)) + 



v{n, k) - Zn, 



ul^nD-2jn^Pn-.nt^^^ f}^^^rM^\ ^^^^^ ^ ^ |^.^^ 



.. iV-l 



u 



2in-l^-2j„+p„-0-„tg(l/M„)p^2j^ _|_ 



\ (Tn /N-1 

Zfj n 1^^^ v{n,k)-ze^ 



xe/ue 



(4.86) 



where we have used the techniques already developed for the 3-point function. In particular, 
in the second equality we applied the lemma of the previous section, and in the last equality 
we kept doing that until normal ordering signs surrounded all operators, at which point the 
calculation was completed by putting /3's and 7's under normal ordering signs equal to zero. 
Conforming with the discussion in the previous section we may also throw away all derivatives 
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on the exponential (they are with respect to the full argument of the exponential), though their 
presence serve to remind us in some cases, what representations would conveniently be used. 
In the sequel we drop these derivatives. It is straightforward to write down the contribution 
from the </?-part of the free field realization. It is 

N-l Pn iV-1 

= n - ^n)'^-^"/* n n n (^(^^ o - zj-'^-^' 

l<m<n<N-l n=2 i=l m=l 

N-l <Tn N-l 

■ n n n (^(^^ ^) - ^mf^- n i^n, ^) - w{n', 

n=2 k=l m=l {n,i)<{n' 

n {v{n,k)-v{n',k')y' n {w{n,i)-v{n',k))-^ (4.87) 

(n,fe)<(n',fe') {n,i),{n',k) 

Here we have introduced a rather arbitrary ordering of indices, for example as 

{n,i) < {n',i') (4.88) 

if either n < n' or n = n' , i < i' . 

Let us summarise our findings in a more compact notation: Let 

7V-1 
m=2 

Wi i = l,...,M (4.89) 
collectively denote the position of all screening charges 

{wi}^{w{n,i),v{n,k)} (4.90) 

Further let 



ki 



1 i X^m Pm 



BK) = (4.91) 

(here xi = 0). Then the integrand of the iV-point function is given by (we use the same letters 
for the integrated expressions, we hope this will not cause confusion) 



with 



Wn = WeWfjF (4.92) 



W^'' = WbF 

M 

wb = n^(^0"'' 

i=l 

M N-l 

m<n i=l m=l i<j 

N-l 

F = n r(2j^ + l)«^'"-V/"'" (4.93) 

m=2 
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We believe the above general closed expression for integral representation of the A^-point func- 
tion to be useful for further development, in particular integrations over the auxiliary variables, 
ue, = 2, — 1 seem tractable as they stand. If for some reason, one needs to get rid of 



these integrations, it is not too difficult. As an example, we provide an explicit form ||110|| for 
the result for integrable representations. First we define the following notation 

Jm = {2,3,...,Ar-l} 

In = {{n,i)\n = 2,...,N -1, i = 1,2,..., pn} 

J-'n = {maps, /, from In to Jn} (4.94) 
For t = k + 2 integer, all a's are = 0. In this case we may then write 

<^ = /n>e-— (2.„)! n (e^^) 

= /W— «'^"^(2j )' F TT ( "^^^"'^^^^^^-'^^ ] 

-'0 2Tn Un 

= E n-r'' \,^ -]fm\v n i-^M-z,r (4.95) 

A similar but even more complicated sum formula obtains in the general case. 
4.4.1 Different Realizations 

We now have two ways of calculating the chiral block corresponding to A^ primary fields. The 
way so far described is by using (part of) projective invariance (to be discussed further later) 
and global SL{2) invariance to work it out as 

Wn\zn = 00,Xn = 00, Zn-1, Xn-1, Z2, X2, Zi = 0, Xi = 0) = 

(jiv|[0,._,(^7v-i,x;v-i)Kl,...[0,.(^2,X2)];.^Jji) (4.96) 

However, obviously, we may also use our techniques to evaluate the same A^-point chiral block 

as 

, Xn, Zn-1, Xn-1, Z2,X2, Zi,Xi) 

= {0\[<l),,izN,XN)]l[<l)j^_AzN-i,XN-i)]Z_,.^^^^^^^ (4.97) 



We now want to demonstrate [|110|| that up to normalisation these expressions are equivalent 



in the appropriate limits. Notice that the second form involves more screening charges around 
the last field than the first one. We shall see that these extra screenings give rise to a constant 
contribution in the limit zn,xn oo. But for finite zn and xn, unlike in the case of the 
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conformal minimal models, there does not seem to be any simple way of getting a conjugate 
field, which would get rid of the extra screening charges. 

It is clear that in the limit zi,xi 0, the second formulation coincides with the first, regard- 
ing the ket-part. In particular, the second formulation involves no extra screening operators. 
Thus we shall concentrate on the limit zn,xn — ^ oo. 

As before, we let Wi denote the position of screening operators in the first case, wl^\ and 
we let i run over the same set as in the first case. Further, we let z„,a;„ denote the arguments 
as in the first case and n = 1,2, N — 1 runs over the same set as in the first case. The new 
feature in the second case is: 

(i) the appearance of 

Jn + Jn - = tn - I - SNt = Pn - o-Nt 
extra screening operators, the positions of which we denote by 

= 1) ■■■^Pn + ctn 

f -1 , ^AT = 1, ...,Pn 

[ t , iN = Pn + Pn + ctn 
and 

(ii) an extra u integration over a variable we call un- Now we want to consider the limit as 
zn,xn —>■ oo (letting W^^ stand for the integrand in an appropriate way) of 

n, N x2k^ k^lt-v-w , N \2k'^ In It Tl / N \2k'^i„/t 

• n(^^ - ^nY'^^'-^'m^N - w.Y^-'^/'u'r-v/--^wij^i[dwg (4.98) 

where the function B{w) is defined with one more term than for case (I), cf. ( [4.91| ). We now 
use that 

In 

E^^ = -T.3n+3N (4.99) 

i n 

In the limit zat — > oo, xat ^ oo we find 



N 1 


= < 


Wi/ZN 





Znl Zn 


^ 



(4.100) 
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with wfi, finite and 



Hence, we have 



2jjv(jjv+l) 

lim r * T~^^W^ ' 



g wUiv+i) „. -y, y, y, k^ „ .n 

«]V<j]V 



n«) - ^'^r-" - 11(1--..; . 



n 



. u'r-'e'/''-Ti2j^ + l)^wPY[dwgz^^-+''- (4.102) 

iN 

(with minor misprint corrected, here and in ( |4.98| ), compared to [ |11U| ]). We may evaluate the 
total power of zjy as 

jJnUn + 1) - + ^[(E €f - EK)"] + 1{-2JN){-Ejn + Jn) 

iN iN " 

2 2 2 2 

+ -jN{-'2jN) + -(-2j7v) + tJ^ E-^" + tJ7v(- + •^'^) + + 

= (4.103) 

which merely shows that the intertwining field, [4'jN{z^N,XN)fj^ indeed has the right scaling 
dimension in this formalism. Similarly the total power of zero for says that we treat the 
field with correct global SL{2) properties. 

Furthermore, the UAr-integrand becomes trivial, involving only 

M^^^e^/"'^ (4.104) 

while the dependence on wf^ becomes 

n«)-^^.-/* n(i - o'^-^^-^*)/* n « - -fj"-'^-'* (4.105) 

jjV «JV iN<jN 

This yields an integral over the 's which is independent of the remaining parameters of the 
correlator, except j^, and thus merely contributes to the normalisation of the state (JnI- In 
conclusion we note that the alternative description (|4.97| ) (in the appropriate limits) with the 
initial and final states being vacua, is more symmetric and does not involve dual states (besides 
the bra- vacuum), but in general it involves a larger number of screening integrations. 
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4.4.2 The Knizhnik-Zamolodchikov Equations 

One may wonder whether the rules for contractions we have put forward, really reproduce the 
structure of the conformal field theory. In order to settle this question in the affirmative we 
provide in this section an explicit proof ||11(J|| that the A^-point functions satisfy the Knizhnik- 



Zamolodchikov equations. In this proof we should not, therefore, make any use of the rules of 
contractions. 

The KZ equation ( |2.204| ) corresponding to the primary field at position niay be written 

as 

^ D+ D- +2DI Dl +D- D+ , 
td, + y '"'^ "'° \Wm = Q (4.106) 

where is the A^-point function after requisite integrals have been performed. 

The structure of the proof is as follows. For the selected position Zmo of the primary field 
at that position, we shall define a function 

GH = {Dt^G'iw) + 2Dl^G\w) + D-^G^{w)) (4.107) 

where the G°'(w)'s are functions to be defined and will turn out a posteriori to be 

G"(w) = {.r{w)0) (4.108) 

where O is the collection of free field realizations of all the primary fields and screening charges. 
Indeed we shall evaluate the G"(w)'s using our contraction rules from that idea. However, the 
point about the proof is that the function G{w) eventually written down ( |4.110D will only have 



pole singularities as a function of w, and will behave as C(w~^) for w ^ oo, and thus the sum 
of residues will vanish. What we shall show explicitly is that the vanishing condition for this 
sum of residues is precisely the KZ equation on the A^-point function. This should come as no 
surprise since this is merely the standard technique for proving the KZ equations. The point is 
that in the standard proof one makes use of associativity properties of the operators, and the 
purpose of the proof is exactly to establish that the rules for contractions in fact conform to 
those. 

Now it is clear how we build the functions G'^{w). To use the contraction rules with the 
free field realizations ( [4. 3D , is very easy in our correlator, since one may establish the rules 

Piw) B{w) 

7(-) - -E^ 

-^2dv{w) Y^J^+Y.^^ (4.109) 

where D^i = g^f^ ) ki is defined as before. Then we have (the notation here does not 
distinguish between integrands and integrated expressions) 

G+{w) = B{w)WbW^F 
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^ h Dr. N-1,M ■ \ 

2 E 7 V - 2 E 7 ^^^T7^^ V WbW^F (4.110) 



These expressions define the function G{w) and from now on we may completely forget that 
they came from applying the contraction rules to certain correlators. 

In the following calculations the structure of the auxiliary u integrations turns out to be 
very crucial. In fact, any dependence on an is via the combination Xm/um so that we may 
write 

and subsequently do a partial integration in m^, writing effectively 

Xmd,J¥BW^F ~ WBW^d^^iUmF) (4.112) 

Let 

D'x Gt =D, <f ^ G+{w) (4.113) 

denote the contribution to the pole residue in G{w) at w = Zmo coming from the term 
D~^^G^{w)/{w — Zjno)-! etc. Then we find after some calculations for the pole at z. 



mo 



D- Gt = E d,WB-W^F 



2Dl Gl = 2 I - E -^^^Umod, Wb ■ 



- d,^WB-W:^ + -^WB-d,^W:^]{-jrr.,+U-l)F 



+ (i-2 + 2j^ja,^^W^5-W^Mr"' 

J mo / 



• eV«-or(2j^„ + l) n r(2j^ + l)K^--^eV-- (4.114) 

This sums up to become 

^^.mo^^ (4-115) 



87 



which is the first term in the KZ equation. 

In a similar fashion the pole residue at w = wj may be calculated. However, here we shall 
be more general and show that substituting l/{w — Zmo) in the definition (|4.107|) of G{w) by 



any function f{w) (free to depend on e.g. but independent of Wj), leads to 



Gf{w) 

dw 



f{w)(D+ G-{w) + 2Dl G'\w) + D- G+K 
dw 



(4.116) 



The first equality in the computation of the residue is easily verified, while the second goes as 
follows 



dw 
27d 



f{w)G~{w) 



~2B{w.)f{w,) E 7^^^ - d4f{w)B{w)lDl 



. [w, - w. 



+ {t-2)f\wj)DB,-2Y^ 



Wi 



Wi 



f{w,)-2f'{w,)k,DB, 



Wj — z„ 



WbW^ 



where we have used that 



(4.117) 



^ 2j^kj 1 1 ^ 2kikj/t 



. Wj - Wi 



and that for both ki 



Putting f{w) = l/{w 



O^Wb = - 
— 1 and kj = t 



B(wi 



-B{wy)WB 



(4.118) 



(4.119) 



-mo 



), we may now conclude that upon integration over the positions 
Wj, the contribution from the poles at Wj vanishes. 

Finally, the pole residues at the points w = Zm Zmo give the remaining terms in the KZ 
equation (|4l06|) . Since there are no other singularities in w, the KZ equation has been proven. 

The above proof assumes that the integration contours of the screening charges are closed. 
When parameters are such that this effectively is not the case, it is no longer true that the 
contribution from the total derivatives met at w = Wj may be thrown away. However, in that 
case the derivative after Zmo contains an extra term coming from varying the end point of the 
integration contour, and it is possible to check that this extra contribution exactly cancels the 
contribution from the total derivative term, so that the validity of the KZ equations remains 
true in those cases as well. 
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4.4.3 Projective Invar iances 

In it is shown, that solutions to the KZ equations are projectively invariant provided the 
primary fields can add up to a singlet. In our case this is the requirement of global (loop 
projective) SL{2) invariance. Let us restrict to the case where the initial and final bra and 
ket carry just the vacuum and the dual vacuum: ji = = Jn, i.e. we are really looking at an 
(A^ — 2)-point function. Then global SL{2) invariance is the statement that 

N-l 

Y: D:^W^,2 = (4.120) 

m=2 

This is equivalent to the statement that in 

G"(w) = {r{w)0) (4.121) 

the leading behaviour as w — >■ cx) is (9(w~^) rather than 0{w~^). From the expressions above, 
that is trivial for G~{w), and for G^{w) it follows from the fact that 

M N-l N-l 

T.^i = -J2(Pm- ^^m) = -Y.Jrn (4.122) 

1=1 m=l m=l 

for jAT = 0. For G^{w) it is more complicated to see. As previously discussed this is related 
to the fact that we are not using the projectively invariant vacuum (5/2! in our calculations, 
rather we are using the dual vacuum (0| for which (0| Jq" = (0|/3o 7^ 0. 
What we are going to show ||1 10|| is that the state 

(0|/?o (4.123) 

even though it is non- vanishing, is BRST exact in the sense of Felder and that (hence) it 
decouples from correlators of BRST invariant operators. 

First let us argue at the operator level, and subsequently at the level of our correlators. We 
write 

(0|/3o = (0|e~V2A«^eV2A«^/3o = <f — : eV^^^^^ : (3{z) (4.124) 

where the bra state ( — 1| is the lowest weight state (j = — 1| (|4.13|) . Now this integral is in fact 
the appropriate BRST operator in Felder's formulation. To see this, recall, that acting on the 
Fock space pertaining to j^^s and labelled F^^^, the relevant BRST operator |Q (for which the 
BRST current is single valued) is 

with 

Qr-. Fr,s^F_r,s (4.126) 

For =0, this is the Fock space with r = 1, s = (2jjv + 1 = 1 — ■ t). Therefore the relevant 
BRST operator on this space is Qi which is just the one we obtained ( ^.124|) . 
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Next let us see how the argument works at the level of the correlator. We are going to show 
that inserting the operator 

Po=<f P^Piw) (4.127) 



furthest to the left in a correlator with jjv = 0, is equivalent to inserting the BRST charge 
operator 

/ P^(5{w) : eV^^(") : (4.128) 

furthest to the left of the operators and to the right of the bra (jjv = — 1|- Indeed in the first 
case, using the rules for building correlators, we obtain (up to normalisation) 



n - z^f'-^-"X{{w, - z^)2^''^™/*n«m™"'e'^"'" (4.129) 



n<m 



In the second case, we notice that the state labelled (— 1| is exactly the lowest weight state 
(jjv = — 1| and we are formally looking at an [N — l)-point function with jjv = — 1- Since we 
have 

+ 3N-1 - 3n = PN-1 - CFN-lt (4.130) 

we see that the value of pN-i will be one unit larger in the case jn = —1 than in the case 
jAT = 0. This means we have one extra screening charge of the first kind in that case, which 
we may 'lift off' the intertwining field furthest to the left, in other words that calculation will 
just be the one we seek to carry out. Using the rules developed we find in that case, letting 
w denote the position of the extra screening operator compared to the previous case (so in the 
formulas below, the index i runs over exactly the same set as before) 



n<m i,n n 

dw 



^ / ^B{w) n B{w,)-''^ n(i - w./w)-^''^/' n(i - zjw)-^^-/'w-^^^i ^i+nj^vt 

Joo 27ri ■ ■ „ 

• n(^^ - ^jf"'"'^' n - zmf^"^-/' ui'^i - znf^'^^-i' n ^^-'ev-- (4.131) 

i<i n<m i,n n 

We now use that 

-12^i^l2pn-tJ2^n = J2jn-jN (4.132) 

in n n 

Since we use the notation that sums over i and n are pertaining to the case with — 0, we 
see that the extra power of w becomes zero, and for a very large integration contour for w, all 
w dependence drops out except for the one in B[w) so that we exactly prove the identity of 
the two cases also at the level of our correlators. 
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Having come this far, we may move the Felder type BRST operator through all intertwining 



fields in exactly the same way as for minimal models ||56[, until in the end it hits the ket- 
vacuum. Since we are only using screening operators of the first kind in the BRST operators, 
the procedure will work just as for the minimal models. 

In addition it is rather easy to verify that the functions G'^(ty) have the expected pole 
residues for {J°-{w)0) at points w = Zm- Further one verifies that there are no pole residues 
in G^{yS) and for w = Wi, the position of a screening charge. For G~{w) that residue is 

proportional to the total derivative 

d^^{DBWB-W^) (4.133) 

All of those remarks establish that the A^-point chiral blocks have the correct projective and 
global SL{2) invariance properties. 



4.4.4 Possible Hybrid 



This section is devoted to a very brief discussion of a generalisation |110| of a work by Malikov 



et al in which a class of solutions to the KZ equations are considered. 



Without going into the precise mathematical language employed in |Q it is easy enough 
to describe the approach by these authors in terms of ours. Given some number of primary 
fields characterised by spins ji,j2, ■■■,jN-i they begin by supplementing this set by an auxiliary 
primary field of spin 



N-l 
E Ji 



(4.134) 



carefully chosen so that no screening charges are required in the free field approach. In general, 
writing 

P~(^t = jP-jN (4.135) 



our approach is applicable whenever p and a are non-negative integers, in which case they 
represent the number of screening charges needed of the two kinds. Obviously now, for j^v = 
no screening charges are needed, then the correlators are independent of the Xj's and may be 
trivially written down. This expression is the starting point in |54]. From this a larger and 
more interesting class of solutions to the KZ equations is obtained as follows. From the state 
\jr,s) it is well-known ( [4.50|) how to build the singular vectors in the Verma module generated by 
this highest weight state, simply by multiplying |jj.,s) by certain products of generators. Thus 
when this operator is inserted into a correlator the state decouples and the correlator vanishes. 
The trick in is to only make use of a subset of the operators, starting from the right and 
truncating the expansion at some point to the left. Each factor performs a Weyl refiection and 
it may easily be shown that any subset generates a formally singular state, although of course 
not one that lies in the Verma module of \jr,s)- Hence, inserting such a reduced set of operators 
will not lead to decoupling, but instead to a new solution of the KZ equations . 

What we shall argue now ||11CI||, however, is that this procedure can never exhaust the 



possibilities we wish to consider in conformal field theory. The point is that when this procedure 
is applied to the state (j^'' | the new spin value for the state may only be modified relative to 
j^"* in a way which is insufficient for producing all the spins needed by the fusion rules in a 
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theory based on admissible representations. Indeed keeping m operators results in a new spin 

• (m) . 1 

j]v given by 

j'^'' = 3'S'-rf + {sf-n)t (4.136) 

for m even and odd respectively. We see that even though jat is not required to be equal to 
the possibilities are too limited to allow considerations of all the relevant spin values in an 
admissible representation: relative to only the s value can be changed at will, the r value 
is fixed either at its value in j^"* or at minus that value. The above spins may be treated also 
in the formalism based on free fields and screening operators. Indeed the number of screening 
operators are given by 

P2n = 

c^2n = n 

_ (0) 
P2n+1 — 

<y2n+i = sf-n (4.137) 

This is the number of integrations in the integral formulas (in addition to the simpler ones 
having to do with u integrations). 

A possibly more interesting hybrid treatment based on the free field realization and 
might be possible. In fact, if instead of starting with correlators needing no screening charges, 
one starts with correlators needing only the first kind of screening charge for which extensive 
studies exist in the literature (see e.g. |^ EH)' would seem that the techniques of fS^ could 



provide a way alternative to the one discussed in the preceding sections to circumventing the 
use of the second screening operator. The result would be a strange mixture of free field integral 
expressions and the ones considered in |5^, but it should agree with the ones given earlier up 
to normalisation. It is not clear that such hybrid integral representations have advantages over 
what has otherwise been presented here, but at least they would also be complete, contrary to 



the ones in 54 . 



4.5 Hamiltonian Reduction 



Here we want to discuss ||1 1 1|| how conformal blocks in SL{2) current algebra reduce to corre- 
sponding ones in minimal models. 

A general conformal block (on the sphere) in the affine theory is given by 

Wn = {jN\4>jf,_i{zN-l,XN-l)---4>jAZn,Xn)---4>j2{z2,X2)Yl / dWiSkXWi)\jl) (4.138) 



Different choices of integration contours for the screening charges define different intertwining 
chiral vertex operators and different conformal blocks. The two screening charges are 



S^(w) = :e-'=±V2/M-) 



k+ = -1 

= t (4.139) 
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The relation to minimal models is obtained by writing 



121 



2jr,s + 1 
t 




2 1 

ar,s+l = -jr,s\l J = 2^(^~ ^^"+ ~ 

2ao = a+ + a;_ 

Ajr,sijr,s ~l" 1) . 1 / o N 

r,s+l = 3r,s = -«r,s+l(,ar,s+l " ^ttoj 



■'r,s 



K^H = :e"±'^("') :=^^^H (4.140) 

It is now clear that if one truncates the (3 dependence of the screening currents and the 7 
dependent factor in the primary fields, then the minimal model correlators are obtained |^ . 



This is true despite the fact that the two theories, the WZNW model and the minimal model. 



have different background charges for the (p field: namely — a+ = (see ([4.6| )) for the 



WZNW model and —2ao = —yj + for the minimal models (see Chapter 2). However, 
this difference is of no consequence in the practical evaluation of the free field correlators since 
in both cases suitable dual bra-states are used to absorb those background charges. In the 
following, we want to discuss how the Hamiltonian reduction works at the level of correlators. 
Thereby we prove [|111|| the statement in |Q that the correlators in SL{2) current algebra 



reduce to corresponding ones in a particular minimal model in the limit where all x's are put 
equal to the corresponding z's. 

4.5.1 At the Level of Correlators 



The primary field ( [4.3|) may be written as 



= e^^^"0j(z,i/)|^=o 
= e"-^o"0.(;2,o)e-"^o- 

= e^'^o" : Q-o\fWi'v{z) ■ ^-^Jo (4.141) 

Here there is a subtlety in that the way the exponential function e^"^o should be expanded, 
must also respect the monodromy conditions in the x variables. We shall come back to this 
subtlety presently. We may further write 



'z, xz) = e'^-^o" : e-iV2A^(-) ; g-^^-^o 



e 



xzD. 



y^j{z,y)\y=o 



e^^i . ^-j^/2/Mz) . g-xj, (4.142) 
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and 

Consider the following conformal blocks 



2, x) = e^-^o e^^-i : g-V^A^Co) ; g-^'-^o g-^-^-i (4.143) 



Wn = {jN\(l)jN-iizN-l, XZN_i)...(j)j^{Zn, XZn):.(l)j2iz2, XZ2)Y[ J dWiSk,{Wi)\ji) (4.144) 

i 

Substituting (^4.142| ) we may rewrite this as 



Wn = (jiv|e"-^i>j^_i(2:iv-i,O)...0,„(z„,O)...0,,(2;2,O)n / dw,SkXw,)\ji) (4.145) 

i 

since Jf = 0. At this point however, there is a subtlety as to how adjacent exponentials 
g±a;j^ should be removed, and we should examine how these exponentials are defined. Indeed 
as discussed earlier the expansions of exponentials and other functions involving the /3 and 
7 fields, depend on which monodromy the problem at hand requires one to select. All these 



subtleties are dealt with using the following two lemmas ||111 
Lemma 1 

If the fractional part in powers of x is a, then we can expand the last expression in ( [4.141| ) 

^(a-^ + n)!' ■ ^ (/3 + m)! ^' ' 

for arbitrary complex number (3. 
Lemma 2 

1 = V ^^±1— y ^/-^"^ ^, = e^'oe-^'o (4.147) 
(a + ny. {-a + my. 

Before proving these lemmas we make the following remarks. Define 

0fi(z,o) = \r,AV\zM 

0;°l(z,O) = </),(^,0) (4.148) 
When X is integrally powered, it is clear that we can expand (/> ji^Zj clS 

xJ- . -j^tcpiz) . -xJ- _ 4 ^(^^0)3^" 



n>0 

= E 



n>0 



{D;r(j)j{z,y)x\ 



n>0 



\y=o 



= e'^y (t)j{z,y)\y=o 

= (j)j{z,x) (4.149) 

However, when x is fractionally powered, we can no longer Taylor expand (j)j{z,x), and the 
definition for both (j)^J^\z,0) in ( [4.148| ) and {Dy)'^(f)j{z,y)\y=Q in (|4.149|) requires specification. 
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It is possible to generalise ( [4.148D and ( |4.149| ) by defining 

{N + a + P)\ {a + n)\ ' " {(3 + m)\ ^ ' ' 

Indeed, this is seen to satisfy the recursion relation in ([4.148|) . Although it looks like that the 
rhs of ( [4.150| ) depends on both a and f3, lemma 1 essentially means that it only depends on the 
combination a + (3. The fractional derivatives at the origin may also be considered as analytical 
continuations of their integral counterparts. Now (pjiz, x) = {1 + ^{z)xY^ : e~-'V^'^(^) :^ so for 
non-negative integer n we have 

^0.(^,l/)l.=o = ( ) l'\z) : e-^V^-(^) : (4.151) 

We can analytically continue the variable n in the above equation from integers to complex 
numbers. Therefore n could be any fractional number and we have 

^^^0,(.,,)|,.o = ( ) 7"^"(^) : e-V^-(^) : (4.152) 

Proof of Lemma 1 



^(a-/3 + n)!' ■ ^ (/3 + m)! 

(xJo-)"-^+^-"(-x Jq- + xD;)^+- 
2. 2. (c,_^ + iV-rn)!(/5 + m)! '^^^'^^1^'=° 

0j(z,x) (4.153) 



□ 

Proof of Lemma 2 



[a + ny. (-a + mj! 



{xj,Y 



y y - 

;^n+tr=iv(«+^)K-« + "^)!' 

1 (4.154) 
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□ 

Thus the manipulations leading to ( |4.145| ) are justified. In the proofs of the lemmas we have 
used versions of (|2.112|) . 

We may now go back to ( [4.145| ). We see from that expression that the exponential 

e^'^i" (4.155) 

has to be expanded in powers offset from the integers by the amount 

_J2k,=r - st = a (4.156) 

with r and s the number of screening charges of the first and second kind respectively, so this 
is the combined power of the (3 factors. Since the 7 factors from the primary fields decouple for 
Xi = 0, this particular expansion of the exponential is required. One may then work out that 
111|| (here corrected for minor misprint) 



UnIc^'^ = {Jn\{1 - x^,r'^--^^-^^A-l)- (4.157) 

s{k - 2jN - a) 

Notice that for a integer the ratio of sine-factors along with the phase disappear. The result 
( [4.157| ) is obtained by writing (for a = r — st) 

( rp J-\n+a 

e-A- = ^ ^pi^ (4.158) 



^ [n + a)\ 



and observing that for any power 



Mm"*' = O-.br^^^^^^ (4.159) 

The proportionality to a power of 71 follows from the free field realization and the properties of 
the vacuum. The value of the constant is obtained by consistency between n + a and n + a + 1 
and by normalising with the result for n + a = 1. 
We may now continue the calculation and obtain 

= (j^|(l-x70^-^^- .f'^'''^ 

s{k - 2jN - a) 

■ </'i^_i(^JV-i,O)...0j„(zn,O)... 0^2(^2, 0)n / dWiSkXWi)\jl) 

i 

= C'iv({jm},a;)(jiv|0j^_i(27v-i,O)...0j„(2;„,O)... 0^2(^2, 0)n / dwiSl{wi)\ji) 

i 

= C^i{jm},x)W^ (4.160) 

where Civ({jVn}, a;) is the normalisation constant, and is exactly the free field expression 
for the minimal model correlator 



= {Arj^^sN+l\(l)rN_i,SN_i+l{zN-l)---(j)r2,S2{z2)Y[ J C^^i V'a, (^i) I ) (4.161) 
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The point is that since ( [4.157D now contains the only 7 dependence of the correlator, the f3 
dependence is effectively removed from the screening charges since 71 interacts only with 
which is the constant {wi independent) mode. Thus ||111|| 



CN{{irn],x) 



T{k- 23 N + 1) 



s{k - 2j 



N 



T{k - 2jN -r + st + l)s{k- 2jN - r + st) 



(-1) 



r{2jN -k + r -st) 
r(2jjv - k) 



.l)-r+st^r-st 



(4.162) 



Of course, this may also be obtained without using ( |4.157| ) but inserting ( |4.158| ) and ( [4.159| ) 
directly into the correlator. In either way we use that 



(oi[7r,/5^j...|o) = 
(oi[/?"i,7r]...|o) = (-1 

where ... represents /3,7 independent insertions. ( [4.163| ) is justified by 



l)-'^r(a + l)(0|...|0) 
"+ir(a + l)(0|...|0) 



(4.163) 



7i,/3-i 



(0| 7i",/?!!^i -lO) 



0-1 



i-l 



r(m+ 11 



r(m — n + 1) 



•|0) 



-l)-"r(n + l)5„^ (4.164) 



This concludes the simple proof of the statement that correlators in SL{2) current algebra 
reduce to corresponding ones in a particular minimal model in the limit where all x's are put 
equal to the corresponding z's (|4.138| ). 

For X = 1 one may check from the 3-point function (|4.61 ) that ( 4.162 ) is indeed the relative 
constant to the 3-point function of minimal models ( [4.76| ), up to an irrelevant phase (which may 
be taken care of by reverting to the phase convention in Chapter 3 for the screening currents, 
cf. the comment following ( ^.3| )). This is due to the following rewriting of ( [4.162| ) 



r(2j2 + l) j;.(2ji,2j2 + ^;t) 
r(2j2 - r + + 1) Jrs{23i,2j2]t) 



4 



I— r+st 



(4.165) 



and the fact that the pre-factors from the contour deformations are identical in the two 3-point 
functions. This is also true for the other choices of contours. 



4.5.2 Analysis of Explicit Correlators 

Here we want to verify explicitly that the conformal blocks for the WZNW model evaluated 
in the preceding sections satisfy the results above. To this end we consider the 'interpolating' 
correlator 

M 

(jTvle-'^^'^i (l)j^_^{zN-i,XN-i):.(t)j2{z2,X2) J] / dwiSk,{wi)\ji) = {3N\0\ji) (4.166) 

i=l •' 

with 

X£ = zix^ £ = 1,...,A^ — 1 

xn = x-1 (4.167) 
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Thus for X = 1 we get the WZNW model with all Xj's put equal to the Zj's. For x = we should 
get the minimal model correlator up to normalisation. We wish to show that this interpolating 
correlator is independent of x. Using notation of preceding sections, we find 



where 



wb = n^^-'""'^ 



O = WbW^F (4.168) 



B{w) = ^^^^^ -xn/un 

M 

B[Wi 
1=1 

M N~l 

= Y[ (Z^ - Z^f^-^-l' n n(^^ - n(^^ - ^oT*^" (4.169) 

m<n i=\ m=l i<j 

Here we used that 

= lim + XNz'^iz')^-^^^ (4.170) 

SO xnz' plays the role of the x in the additional term (1 + XNz'''y{z'))^~'^^'^ of the type of the 7 
part in a primary field with spin 2j = k — 2]^. This certainly gives the contribution 

lim — — ^ = —xn/un (4.171) 
w — z' 

in B{w). The integrations over the auxiliary variables ui are understood in ( [4.1681 ). 

The above expression ( [4.170|) may seem in contradiction to the expansion ( [4.157| ), since the 



ratio of sine-functions we had there is absent now. So let us explain the reason for this subtlety. 
The point is that for x 7^ the fractional powers of the /9's in the correlator is balanced by 
the fractional powers of the 7's in the primary fields. Thus the exponential in the present case 
has to be expanded in integral powers. This is in contrast to the situation in ( ^4.157|) where 



the 7 dependence of the primary fields were suppressed since they involved the case Xi = 0. 
One may then ask how it is that this ratio of sine-factors is recovered in the present context. 
Indeed, naively putting x = in the expression for the B factors renders the u integrals trivial 
and we recover erroneously the factor CN{{jm}) without the ratio of sine-factors. However, a 
more careful analysis of the cut structure and of the integration contours shows that in fact this 
ratio arises again when care is exercised. To see this ||111||, it is convenient to change variable 



from un to Un = 1/un- As a function of Un the integrand has branch point singularities at 

Un = 0, 00, f/ Ar(x, Wi) with 

U^{x,w,) = e \ ^'t' n (4-172) 

{Wi - Z(,)[X - 1) 
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Now we should remember that all the u integrals are to be taken along small circles surrounding 
the origin. The Um contour is therefore some large circle. However, for x close to 1, we see 
that UisfiXyWi) will lie outside this circle, which we therefore may deform along a contour 
running above and below the negative real axis. We should choose the cut structure from the 
branch points Ui^{x,Wi) in a way not interfering with the integration contour for Ujsi or the 
deformations of it. As x is decreased from 1, the branch points at Uj\f{x, Wi) move closer to the 
original integration circle for Uj^ and eventually cross it. Therefore, by analytic continuation 
this circle has to be deformed so as to keep the singularities always outside for x > 0. A 
convenient way of doing that is precisely by deforming it to immediately wrap around the 
negative axis. But then the contributions from above and below the axis will have different 
phases depending on the power oHJn (which is 2jAr — — 1), and it is not difficult to see that 
in the limit x = these exactly reproduce the seemingly missing ratio of sine-factors, and we 
are left with ( [4.162| ). Here one uses that the remaining u integrations become trivial 



r(2j, + i) 



du 
2wi' 



(4.173) 



Consider now | 111 | the function G{w 



G{w) 
G-(w) 



G {w)w 

{J' HO) 



w 



{w — Wi){w — Wj) 



+ (t-2)E 



Dj 



{w — Wi)'' 



2E 



{w — Wi){w — Wj) 



-2E 



jmD 



{W - Z^){W - Wj) 



WbW^F (4.174) 



The function G{w) has simple poles as a function of w. It is a rather simple matter to evalu- 
ate the pole residues along the lines described when considering the Knizhnik-Zamolodchikov 
equations. For w = Zm,oo the result is 



dw 
dw 



Zrad^^WBFWr 



G {w)w 

r dw 

i —G-{w)w = O^^WbFW, 



N 



(4.175) 



These contributions add up to produce the total derivative of the original correlator with respect 
to X 

J2zmd,^0 + d^^O = d,0 (4.176) 



The pole residue at w = Wi is (see ([4.117|) ) 



G (w)w = tdyj. iwj 



W^WbF' 
B(wA . 



(4.177) 



After integration over the Wj's we see that the expression ( |4.176| ) will vanish since this merely is 
the condition that the total sum of pole residues vanishes (when the pole at infinity is included 
as it is here). Hence, the interpolating correlator is indeed independent of x. 
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4.5.3 Comparison with Standard Formulations of Hamiltonian Re- 
duction 



Having proved the equivalence of the two apparently different kinds of correlators, we now want 
to understand this equivalence from the point of view of quantum Hamiltonian reduction. We 
briefly review the background. Setting the affine current 

J+{z) = 1 (4.178) 

in the the equation of motion derived from the SL{2) WZNW theory, one recovers the classical 
equation of motion for Liouville theory. In order to implement the constraint ([4.178|) at the 



quantum level, one introduces a Lagrangian multiplier field A{z) and follows the standard 



procedure for Hamiltonian reduction [Q, where A{z) is treated as a gauge field. The final 
theory, after gauge fixing, involves Faddeev-Popov ghost fields, which are supposed to cancel 
out unwanted degrees of freedom in the original WZNW theory. The BRST quantisation has 
now become a standard approach to constrained Hamiltonian systems. As far as correlation 
functions on the sphere are concerned, the BRST quantisation is equivalent to imposing the 



constraint (|4.178|) on the correlators. Suppose one writes the correlation function on the sphere 



as an operator insertion 

(0|6|0) (4.179) 
then for the constrained system satisfying ([4.178|) , we have 

(0|6(J+(z) - 1)|0) = (4.180) 

( [4.180| ) is equivalent to the following conditions 

j:+|0) = n>0 
(0|O(J+„ - 5„,i) = n>l (4.181) 

In order not to confuse the notations used here, J~^{z) is always considered to be a conformal 
spin 1 field to fit the WZNW theory, so that it has the expansion 

As usual, to fix J~^{z) to be a constant value would require J~^{z) be a scalar field. In other 
words, the energy momentum tensor must be improved from the Sugawara construction by 
adding a term dzJ^{z). In that context, one should rename —>■ Jn+i- 

(|4.181| ) is called the physical state condition. In BRST quantisation the physical state 



space is the same as the BRST cohomology space Ker{Q)/ Im{Q), where Q is the BRST 
charge defined by 

Q = I —{J+{w) - l)c{w) (4.183) 



27rz 

Here c{w) is a conformal spin 1 fermionic ghost field with respect to the improved energy 
momentum tensor. Its conjugate field b{w) is the anti-ghost field of spin satisfying 

b(w)c(z) = (4.184) 
w — z 
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( [4.181D is equivalent to the BRST condition, in which one requires that the vacuum states 
(0| and |0) be physical states, and O be a physical operator which maps physical states into 
physical states (see e.g. |^ ^). In other words 

{0\Q=[Q,d]=Q\0) = (4.185) 

Now consider the most general form for a class of conformal blocks in SL{2) WZNW theory, 
which are proportional to those in the Virasoro minimal models. They can be written in the 
following form 

i •' 

= <^(Ariv,Siv+l|0riv-i,SiV-l+l(^W-l)-"0r-2,S2(^2)n / dWiVaXWi)\Ar,,s^+l) (4.186) 

i 

where the normalisation constant C is found as before to be 

C = dy'^^^^-^ =^F{y) |,=o (4.187) 

where we used that 

-23N + Y,3i = -Y,h (4.188) 

i i 

In general C depends on t and the jVs. For some values of t and jVs, C vanishes. Then the 
conformal blocks in the Virasoro minimal models can only be obtained by dividing out C. In 
other cases C becomes infinity. Then the conformal blocks for the Virasoro minimal models can 
be either finite or zero, and in the latter case the relation between the WZNW and the minimal 
conformal blocks is singular. Strictly speaking, simply taking the limit not equivalent 

to quantum Hamiltonian reduction ([4.178|) . Rather it is in accord with the constraint 

J+{w) = J+i (4.189) 

To go to the minimal model we must further impose the condition 

J+i = 1 (4.190) 

To see this, let us consider the BRST charge for quantum Hamiltonian reduction ( [4.189|) 

Q= / j+)c(^) (4.191) 

The physical state space now becomes the BRST cohomology space Ker{Q)/ Im{Q). It is clear 
that (j)j{z,0) commutes with Q, hence maps a physical state into another physical state. Now 
consider the ket and the bra states. Notice that the ket state is a highest weight state and 
the bra state (jrjv,sivl is a lowest weight state 

Jn\jl) = {jr^,sJJ^n-l =0, n > (4.192) 

For the b, c ghost fields, we have the following condition 

Cn\jl) =bn+l\jl) = {jrj^,sj^\C-n^l = {jrj^,sjb-n = 0, n>0 (4.193) 
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It can be verified that with respect to the BRST charge Q in ( f4.191D , |ji) is a physical state, 
and the bra state {irM,SNWiJi) ^ physical state for any arbitrary function F{Ji). However, 
this extra degree of freedom is removed if we further impose the condition ([4.190|) , which would 
fix the function F{J{) uniquely 

{j^\F{J^)J+, = {j^\F{J^) , [e-^S/5_i] = e-^^ (4.194) 

and we recover exactly the conformal blocks in the Virasoro minimal models (here a = r — st) 

= (ir]v,s]vl 5Z -p/o ■ 1 i ~i vFT i T^TT^^'^i ) (4.195) 
^ 1 iZjN - k + n + a)L {n + a + 1) 



(here corrected for minor misprint, compared to ||111|| ) where 7„ is conjugate to Jjr„ 



[J+„,7m] =^n,n^ (4.196) 

If we were to use 0j(-z, z) to represent a primary field in the Hamiltonian reduced system (strictly 
speaking, 0j(2;, z) does not transform as a primary field for the Virasoro algebra in the reduced 
system), then we should normalise the correlation function by dividing out the normalisation 
constant C . Then, in the limit C goes to zero, the conformal block in the reduced system would 
remain finite. 

In conclusion, the constraint J^i^z) = 1 completely freezes the degrees of freedom of the 
J~^{z) field. However, we could proceed in two steps in putting the constraint on the correlation 
functions. First set J~^{z) = J^i and then let J^i = 1. The first step would result in a class 
of correlation functions which are proportional to that of the completely constrained system, 
like the ones considered in the previous sections. However, the remaining degrees of freedom 
of the J^i mode is reflected by the arbitrariness of the proportionality. If we normalise the 
correlation function by dividing out the normalisation constant, which is equivalent to setting 
J^i = 1, then we recover the corresponding correlators in the completely reduced system. 
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Chapter 5 



4-point Greens Functions in SL{2) 
Current Algebra 



Once the chiral blocks are obtained the next step in the program is to determine the monodromy 
invariant Greens functions. These are the ones for which physical applications can be made 
and they are necessary before for example an application to 2D quantum gravity can be made. 
It is the principal goal in this chapter to obtain these monodromy invariant combinations, and 
from the ensuing monodromy coefficients to determine the operator algebra coefficients. This is 



then a generalisation of the celebrated work |^ by Dotsenko and Fateev in conformal minimal 



models to CFT based on affine SL{2) current algebra, and may be viewed as the completion 
of the solution of CFT (on the sphere) based on affine SL{2) current algebra for admissible 
represent at ions . 

The problem of determining the Greens functions is conveniently solved by means of the 
crossing matrix relating the conformal blocks in the s- and t-channels (in fact, just a particular 
row and column of that matrix). The conformal blocks for 4-point functions may be char- 
acterised in terms of couplings to intermediate states. These in turn are determined by the 
fusion rules of the theory, discussed in the preceding chapter. We shall find that both sets 
of fusion rules are operating. Thus, the fusion rules provide a neat starting point for giving 
convenient bases for the conformal blocks in the s- and t-channels. One must then understand 
how the general integral representations can reproduce these bases. Here we shall use either 
the ones provided in Chapter 4 (sometimes to be referred to as PRY), or the one for the 4-point 
function obtained by Andreev P], and in both cases specify how integration contours must be 
chosen in order to generate specific members of s- or t-channel bases. In ^ the contours are 
not specified. In the case of the PRY integral representation, we show how to obtain chiral 
blocks in the s-channel corresponding to fusion rule I, and how to obtain blocks in the t-channel 
corresponding to fusion rule II, using contours where the integration of the auxiliary variable 
u is carried out first. We also show how to obtain blocks in the s-channel corresponding to 
fusion rule II, and how to obtain blocks in the t-channel corresponding to fusion rule I, using 
contours where the u integration is done last. In the integral representation of Andreev there 
is no u variable to worry about and the contours we find are more tractable. That his 4-point 
blocks are equivalent to ours is a priori rather clear since both he and we have checked that 
the blocks we write down satisfy the Knizhnik-Zamolodchikov equations. Nevertheless, we find 
it very instructive to attempt a direct analytic proof of how the equivalence may be obtained. 
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Substantial evidence will be provided at the level of highly non-trivial integral manipulations. 

Having written down the full s- and t-channel bases for conformal blocks and understood 
the corresponding integration contours, we may go on to calculate the relevant parts of the 
crossing matrix. Certain ratios of matrix elements determine the monodromy coefficients used 
in building the monodromy invariant 4-point Greens function. 

In the first considerations it will be assumed that both vertices in the 4-point blocks pertain 
to the same fusion rule (I or II). Then the idea of over-screening used for the 3-point function 
may be employed to obtain additional 4-point blocks in which there are different fusion rules 
(I and II) operating at the two vertices of the block. These new 4-point blocks correspond to 
different sets of external spins from the ones previously considered, and so they do not intertwine 
with these under crossing. Based on the calculations in the case with non-mixed fusion rules, 
it is fairly easy to obtain the new monodromy coefficients. We may finally write down the 
operator algebra coefficients and in particular, utilising the idea of over-screening allows us to 
normalise unambiguously the operator algebra coefficients for fusion rule II, contrary to the 
results in [^]. It turns out that in terms of appropriate parametrisations, the operator algebra 
coefficients are identical for the two fusion rules up to a power of the parameter t, which is 
determined as a consistency condition. 



5.1 4-point Functions 

In the 4-point function 

{(t)j^{z^,Xi)(t)j.^{Z'i,X'i)(t)j^{z2,X2)(t)jAzi,Xi)) (5.1) 

we consider as usual the limits 

2:4 — > CXD, 0:4 — * CXD 
2:3 1, ^ 1 

Z2 ^ Z, X2 ^ X 

^1 ^ 0, xi ^ (5.2) 

so that the 4-point conformal blocks will be (in general multi- valued) functions of {z^x). We 
label s- and t-channel conformal blocks by tree graphs, the meaning of which is that in the 
limit z — > followed by a; — > the s-channel block corresponding to Fig. 1 has the behaviour 
following from the OPE's 

S{z, x) ~ z^~^^-^\-xy^+^^-^{l + 0{z, -x)) (5.3) 

whereas for the t-channel block we have in the limit z —>■ 1 followed by x — > 1 

T{z,x) ~ {1 - z)^~^-'-^'{x - iy^+^''-' {1 + 0{1 - z,x - 1)) (5.4) 

Here the conformal weights are given by the standard expression A, = + l)/t. 

A very convenient way to think about the fusion rules consists in the following. Consider 
the s-channel coupling of ji,j2 to a j. When we parametrise j = jj for fusion rule I as 
ji + J2 ~ ji = f — st, the integers r, s are related to the number of screenings of the first and 
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J3 



J4 




J4 




s-channel 



t-channel 



Figure 5.1: Graphs for s- and t-channel blocks 



second kinds around the jij2ji vertex. The singular behaviour of the s-channel block in the 
limit z —>■ 0,x —>■ is then 



-X] 



\r—st 



(5.5) 



with A = ji{ji + l)/t. For fusion rule II we may then parametrise the internal j as 

jii = -ji - 1 (5.6) 

Of course the conformal dimensions for jj and jn are the same, but we find the singular 
behaviour of the s-channel block to be 



A-Ai-Ao 



-x) 



ji+j2-jii _ ^A-Ai-A2 



-X 



.2ji+2j2-r+st+l 



(5.7) 



All these statements follow by analysing the fusion rules (|4.56|) and (|4.57| ). By analysing the 
s-channel 4-point blocks in the limit 2; 0, a; — we indeed find both of these singular 
behaviours (see below) and hence verify that the blocks realize both fusion rules I and II. In 
the t-channel the discussion is analogous, with ji ^ j^, z —>■ 1 — z and x —>■ 1 — x, so that we 
consider the limits z —>■ 1 followed by x 1. 

Before specifying the contours needed to produce chiral blocks with these singular be- 
haviours, we reconsider the general result for A^-point functions in the case of iV = 4 in order 
to simplify the integral expression. First of all we want to reduce the number of auxiliary 
integration variables u from two to one. In due course, let us reconsider the /?, 7 part of the 
4-point function 

O4 1 [0^3(^3, X3)]f[(pj^{z2, Xa)]^-, \ji)f3^ (5.8) 

with the notation 



ji + 32 - j = p2- (T2t 
3 + is - J4 = P3 - (^^t 



(5.9) 



Thus we get 



W4 ~ r(2j3 + i)r(2j2 + i) jj^ 



du2 du3 



27ri 27ri U2U3 
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X2/U _^ X3 -pj- X2/U _^ Xs t 

^ X2/U X3 -pi X2/U X3 t 

4\ ^^(2, t2) - Z2 W{2, 12) - Zs^ ^Vi2, I2) - Z2 V(2, h) - 

■ 'u''2-"2*(m3 lD3)-2i3+P3— 3i exp(l/u3) ^D2)"^^'^+^^-"^* exp(l/M2) (5.10) 
where we have introduced 

u = U2/U3 (5.11) 

Again the (somewhat misleading) notation is that the D's are derivatives with respect to the 
entire argument of the relevant exponentials. 

We want to consider a change of variables from (u2, U3) to (m2, u). The integration measure 

is 

du2 du3 du2 du 



U2 U3 U2 U 

and 



(5.12) 



2j2 + 2j3-P3 + 0"3i-P2+0"2t = 2j2 + 2j3 " (j3 + j " J4) " (^2 + jl " j) = 32+ h+ k- jl = Jl (5.13) 

Here we have introduced the notation 

Ji=Ji+j2+j3+U-2ji (5.14) 
Using the generalised exponential identity (p.l20|) , we obtain the following U2 dependence 



UU2 \ U2 

Now the integral over U2 will produce the factor 

r(Ji + 1) 

We are left with the following integral 

du -pp X2 X3U -pi X2 X3U 



(5.16) 



P2 



2m .^i^ w(3, ig) - Z2 w(3, ig) - 2:3 ^^^-^ t;(3, /g) - 2:2 f (3, /g) - 

X2 X3U n TT r ^2 aJg-U ,_t 



■ TT \ + — — — 1 TT \ — - — + 

4\ ^W{2, 12) - Z2 W{2, 12) - Z3^ V{2, h) - Z2 v{2, h) - Z3' 

• r(j^ + i) r(2j3 + i)r(2j2 + i) (5.i7) 

To write the final result for the 4-point function in a more compact form, let us collectively 
denote the positions for both kinds of screening charges as 

Wi, i = \,...,p2 + pz + 02 + 03 = M (5.18) 
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Then the complete expression for the 4-point function is 



O4I [0i3 (^3, X3)]f [(f)j, {Z2, X2)y^, 

- n - ^„)'^™^"/*r(2j3 + i)r(2j2 + 1) 



. nn(u'.-.,)^«-^--'i!^ (5.19) 

i=ii=i i.[Ji + i) 

where only one auxiliary u integration is involved and we have included the if part, ki = —1 
for screenings of the first kind and = t for screenings of the second kind. In the limit ( |5.2|) 
we obtain, letting u — > —u and up to normalisation 

M 



1=1 



TTK - ( ^ + u-^^'-\l - uY^ (5.20) 

^ Wj — 1 Wj — z ' 



i<j 



5.1.1 Integration Contours 



In this section we shall specify the integration contours | p.l2|| for the various variables in the 



integral representation ( ^.20|) of the 4-point function. The first contours we indicate will give 
rise to a set of s-channel conformal blocks corresponding to the intermediate state j in Fig. 1 
being given by fusion rule I, and to a set of conformal blocks in the t-channel corresponding to 
the intermediate j being given by fusion rule II. In these cases the u integration is carried out 
first. 

We first describe the situation in the s-channel corresponding to fusion rule I. We write for 
the conformal block 



Wi - i Wi 



Here we are considering an integral representation of the 4-point conformal block with a total 
of R screening operators of the first kind and a total of S screening operators of the second 
kind. The Wj's are the positions of the screening operators. When i E O the corresponding 



Wi is integrated along the contour of Fig. |5.2| (a) (whether it is of the first or second kind) 



corresponding to a screening of the vertex jij2j- Different G O are taken along slightly 
different contours in order to avoid the singularity coming from (wi — Wj/)^'^''^'*'/*. Similarly, the 
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Wj^s for j G X are integrated along the contour Fig. |^]^(b) corresponding to a screening of the 
vertex jjzji- -A = OUX is simply the combined index set. We denote the numbers of screenings 
of the first kind at the and the jjsj^ vertices respectively as r and R — r. Similarly the 
corresponding numbers of screenings of the second kinds at the two vertices are denoted s and 
S — s. In the product of factors {wi — WjY'^^^^^^ an arbitrary ordering of the indices is implied. 
For fixed WiS the integrand has singularities in the u plane at m = 0, 1, Aj, where 

111- — 1 

A, = ^ -X (5.22) 

Wi - z 

The integration contour for u is to divide the singularities Aj, so that the ones for i G O lie 
outside Cu and the ones for i G X lie inside and C„ should pass through u = 1. For z and x 
sufficiently small, we may take C„ to be the unit circle, Fig. |5.3| . Remember that in order to 
identify the nature of the block and the value of the intermediate j, we are going to investigate 
the limit 2; — > followed by a; ^ 0. The different positions of the singularities Aj in u for 
i G (9 and i & I mean that they give rise to different singularities in the corresponding Wi 
planes after the u integration has been performed. In fact, for i E O there occurs a pinching of 
singularities when Aj collides with either of 1 (the additional singularities in u). This happens 
for Wi equal to 1, and for Wi equal to 

5 = (5.23) 
X — 1 

respectively. In particular no extra singularity is generated at Wi = z. This is why we may 
take the contour in Wi to start from z as indicated, since the singularity for Wi is what we term 
'pure', meaning that it is of the form 

{wi - zy{l + 0{w - z)) (5.24) 
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u plane 




Figure 5.3: The integration contour Cu for an s-channel bfock corresponding to fusion rule I. 



One can check that this is enough to ensure that the corresponding block will satisfy the KZ 



equations, going over the proof presented in chapter 4 ||110|| . In contrast, the singularity at 
= is 'non-pure': it is a mixture of different powers of Wi. Hence we cannot allow the 
contour to end in Wi = 0, it has to surround that point as indicated. 

Turning to the singularities in Wi for i G X, we see that pinching occurs only when Aj = 1, 
so that there is no extra singularity produced at Wi = 1: it remains pure, and we may take 
the integration contour to start in = 1 as indicated. If more convenient, one may take the 
contour to wrap around the real axis form 1 to oo, which is a form closer to the one used by 



Dotsenko and Fateev 42 



Having established that the choice of contours indicated is allowed in the sense that the 

conformal block will satisfy the KZ equations, it is a relatively simple matter to find the 
leading singularity in the limit z ^ followed hj x 0. In fact, we may scale all the ifj's with 
i e O as 

Wi zwi (5.25) 
In the limit z — > this is easily seen to result in a leading z behaviour of the form 

Wl^;f{z, x) ~ ^-Aao-AO.)+AO,) ^5_26) 

where Aj = A(j) = j{j + l)/t and where 

Ji=Ji+j2-r + st (5.27) 

This is not enough to prove that indeed the intermediate state corresponds to a primary field 
with that value of j, since 

A(j) = A(-j - 1) (5.28) 

In fact, according to our earlier discussion, the difference between fusion rules I and II is 
exactly that for fusion rule I we should obtain j = jj whereas for fusion rule II we should 
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Figure 5.4: The integration contour C„ for a t-channel block corresponding to fusion rule II. 

+ 6 




Cx 











—oo 


(b) 





Figure 5.5: The integration contours for the Wj's: Co (a) and Cj (b) for a t-channel block 
corresponding to fusion rule II. 



obtain j = jjj = —jj — 1. In other words the z behaviour is precisely unable to distinguish 
between the two fusion rules. To distinguish we must investigate the leading x behaviour in 
the limit x ^ after we have taken z 0. However, it is an easy matter to do so and we find 

This is the proof that the conformal block we have constructed corresponds to fusion rule I, 
since r - st = ji + j2 - ji- 

We next describe how contours have to be chosen in order to produce a t-channel block 
corresponding to fusion rule II. This situation can occur only provided there is at least one 
screening operator of the second kind. We use the same defining equation as in (|5.21|), but the 



sets of indices as well as r and s have different meanings. Again we have a total of R and S 
screenings of the first and second kinds. There are r and s screenings associated with the upper 
vertex, and the corresponding index set for the Wj's is O. There are R — r and S — s screening 
operators of the two kinds associated with the lower vertex and the corresponding index set for 



the Wj's is I. The integration contour Cu is indicated in Fig. p.4| . One checks that in the limit 
z ^ 1 followed hy X ^ 1 the two sets of singularities, Aj for z G O and z G X respectively, are 
well separated, so that the contour may be taken to separate them as indicated. The contours 
Co and Cj for the two sets of Wi variables, are shown in Fig. |5.5| (a) and (b). In all cases one 
checks as for the s-channel block that the nature of singularities is such that the contours may 
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be chosen as indicated, and that the block thus defined will satisfy the KZ equations. Then 
we investigate the combined behaviour z ^ 1 followed by a; — > 1. To this end we perform the 
following scalings of the integration variables 

Wi — 1 

Wi -, I E O 

z — 1 
Wi . _ 

Wi -, I e J 

Wi - 1 
u — Ai„ 

u ^ -— (5.30) 

where jo is an arbitrary index in the set X, however with the restriction that Wj^ is the position 
of a screening operator of the second kind. It is rather straightforward to check that this gives 
rise to the combined singular behaviour 

where 

ill = -ji - 1 

Ji = j2+j3-r + st (5.32) 

so that ( p. 311 ) exactly demonstrates that we have fusion rule II, since j2 H-js — jn = 2j2 + 2^3 — 
r + st + 1. 

It follows that the conformal blocks defined on the basis of the free field realization elabo- 
rated in ||110| , |112|| , indeed do give rise to both the fusion rules. 



In ||112|| also realizations of conformal blocks corresponding to fusion rule II in the s-channel 
and of ones corresponding to fusion rule I in the t-channel, have been found. However, these are 
not given by quite as simple contours as above. It is the appearance of non-pure singularities 
which prevents one from finding such simple contours. The new idea is to carry out first 
the integrations of the screening operators letting the contours depend on u. Then there are 
only pure singularities in the Wi planes and there will be no problems caused by non-pure 
singularities. It turns out that it is possible to find contours like that leaving, upon integration, 
a simple u integral. Let us first consider the conformal blocks in the s-channel corresponding 



to fusion rule II, where the contours are depicted in Fig. pT6 



i<j 



n — + — ^ (1 - M)2^'^+2,3-K+5t^-2,3-i (5.33) 



where 



A = lUOU{R+S} 

W = Wr+s 

ZR+s = t (5.34) 
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Figure 5.6: Integration contours for an s-channel block corresponding to fusion rule II. The 
corresponding u integration is simply along the unit circle. 



To see that the above formula produces the right singular behaviour in the limit z ^ followed 
by X —i> 0, we may scale all the w/s with j G C as 

Wj — > zwj, for all j E O (5.35) 

and scale all the WiS with z G X as 

Wi — > l/wi, for all z G X (5.36) 

and also 



One can then show that 



w -w (5.37) 

u — x 



^) ~ z-^(^'i)-^(^'2)+^(^")(-x)^'i+^'2-^" (5.38) 



where 

jii = -31 -32 + r-st-l (5.39) 

This is precisely the expected singular behaviour. 

Finally we consider the conformal blocks in the t-channel corresponding to fusion rule I, see 
Fig. 13 

JCn 2iTi Jcw '2,1X1 Jo f-J^ 2Txi Jz 2iTi 

■ n { % + ^^V'' (1 - ^)2.2+2,3-ii+5i^-2,3-l (5_4Q) 
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Figure 5.7: Integration contours for the screening charges in the case of a t-channel block 
corresponding to fusion rule I. The u integration is along a closed contour starting in 1 and 
surrounding x. 

where 

A = lUOU{r + s} 

W = Wr+s 

kr+s = t (5.41) 

To see that the above formula produces the right singular behaviour in the limit z ^ 1 followed 
by X —> 1, we may scale all the w/s with j e O as 

Wj z)wj, for all j eO (5.42) 

and scale all WiS with i e T as 

Wi — >• Wi/{wi — 1), for all i e X (5.43) 

and also 

(1 - z) 

w ^l - -uw (5.44) 

u — X 

Wc also scale u as 

u^x + {l-x)u (5.45) 

It should be noticed that the final u contour starts at 1 and goes along the unit circle such that 
it surrounds and the other points which are away from by a distance of order {l — z)/{l — x). 
This means that we can not deform the u contour to the form Jq du, or in terms of the original 
u variable, that cannot be deformed into /J du. Using these scalings, we show that in the 
presence of at least one screening charge of the second kind in the scaling region (the region 
close to 1 and z) the singular behaviour is 

^lr,s)\^^ X) ~ (1 - ^)-A02)-A03)+A0,)(^ _ ^y,+3z-3, (g^g) 

where 

ji^ 32+k-r + st (5.47) 
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What happens if there is no screening charge of the second kind in the scahng region? Then 
the above method does not apply, but in that case j2 + js — ji is an integer, and 

Wl^Q^\z, X) ~ (1 - ^)-A02)-A03)+A0,)^^ _ iy2+n-ji (5^48) 

is a polynomial in x. There will be no extra singularities present in w's, such as at 5 = if 
we integrate over u first. Thus we could choose the following contours {w = Wr+s = Wr & O) 

i e I 

(5.49) 

These contours are effectively closed in the sense that a total derivative integrated along them 
vanishes, such as is required for the KZ equations to be satisfied. Notice, however, that these 
contours are not closed (in the same sense) when there is a screening charge of the second kind 
in the scaling region. However, it is difficult to determine explicitly the (1 — x) behaviour for 
these contours, but since we know that our formula is both projective and SL{2) invariant, we 
could express the above formula in terms of X3 = and Xi = 1, where the {1 — x) behaviour is 
manifest. 

It may seem surprising that one could not make use of the ji ^ js symmetry to obtain 
t-channel contours from s-channel ones and vice versa. The reason is that the simple form of 
the 4-point function we have given with only one auxiliary u integration, breaks this symmetry, 
since not all 4 primary fields are treated on the same footing. For a more symmetric treatment, 
more u integrations have to be introduced, which is also inconvenient, however. 



dwj 



dwn 



5.2 Andreev's Representation 

In this section we base our discussion on the integral realization of Andreev |Q . In a subsequent 
section we discuss the equivalence between that realization and the one described in the pre- 
ceding section [ p.l(j| , p,l'4 | and in the sequel denoted PRY. Here we show how to choose simple 



integration contours ||112|| so that we produce both s-and t-channel blocks corresponding to both 
fusion rules I and II. It will turn out that the t-channel blocks are obtained in a very simple way 
from the s-channel blocks so we mostly concentrate on the latter. It is the specification of the 



integration contours which is the contribution here and in ||113|| over The advantage of the 
realization of 0] is that contrary to the case discussed so far, there is no auxiliary integration 
in addition to the integration over positions of screening charges. The disadvantage is that the 
Andreev representation (so far) has no underlying free field realization and is therefore only 
known for 4-point blocks. For later purposes it is convenient to have different names for s- 
and t-channel blocks. We denote them by letters iS or and T or T. The differences will be 
explained. 
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5.2.1 Case of Fusion Rule I 



We define the complex block in the s-channel for fusion rule I with r screenings of the first kind 
and s screenings of the second kind at the right vertex as follows 

CS^-^'^) = z^^^^-^'\i~zf^^^-'" r n dudvk r n ^v^^ 

i<i',eli 

■ n K n 

■ vtil-Vkfiz-VkY n {vk-Vk'fPvt{vi-l)\vi-zr 

■ n i^i-vi'f' n i^i-^kf' 

i<i',&J2 keJi,i<=.J2 

i,k i,l j,k j,l 

Yl {ui- x){uj - x){vk - x)'P{vi - xy (5.50) 

i,j,k,l 

Here we have introduced the following index sets 

h = {r + l,...,R} 
Ji = {l,...,s} 

J2 = {s + l,...,S} (5.51) 

where R and S are the total numbers of screenings of the first and second kinds respectively. 
Variables u and v belong to screenings of the first and second kind respectively, although this 
language is rather symbolic, since as yet there exists no known free field realization which 
directly gives this form. Also the integrals are taken along complex Dotsenko-Fateev contours 
shown in Fig. |5.8| . Notice that expressions of the form {ui — m,')^^ have a phase defined by the 
fact that the first of the two integration variables have a lower imaginary part than the last 
variable. Finally 

a = -2j3 + t + R-St-l 
b = -2ji + t + R- St-1 
c = 2ji + 2j2 + 2js-R + St+l 
p = t, p' = l/t 

a' = -a/t, b' = -b/t, c = -c/t (5.52) 



The integrand of this expression is provided in a slightly different form in P]. In fact, there 
the j's are replaced by their parametrisations ( |4.18| ) giving rise to 4 independent forms for 
the integrand depending on whether the or the j~ form is used. The above form holds in 
general. By analysing the small z and small x behaviour of this form it is easy to establish 
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Figure 5.8: Integration contours for u and v variables for an s-channel block for fusion rule I. 




Ur+l 




CO 



Figure 5.9: Integration contours for u and v variables for an s-channel block for fusion rule II. 



that this conformal block corresponds to the s-channel diagram Fig. [5.1| with the intermediate 
j given by fusion rule I. Indeed by scaling Ui — > zui, Vk — >■ zv^, i E Ii, k E Ji we find 



(5.53) 



with 



3i = 3i +j2-r + st 



(5.54) 



The contours in Fig. |5.8| are essentially equal to the contours in for minimal models 



5.2.2 Case of Fusion Rule II 

Fig. p.9| shows the integration contours. The s-channel block for fusion rule II is given by 

dv 

<'(! - u.-^'\z - u,Y \{{u, - u,f^'u-;{u, - Vt\u, - zY 

'i<i' 

n - ^ff"' n(«. - 

j<j' 

vtil - Vk)\z - VkT n K - Vk'f'v^vi - l)\vi - zf X{{vi - w fP 

k<k' Kl' 
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k,l i,k i,l j,k j,l 

■ {ui - x){uj - x){vk - x)~^{vi - xy 

■ v^{l - vf{v - zy{v - Vkf^ivi - vyp{v - u^)-\v - u^)'\v - x)-P 

(5.55) 

Here the variables, Ui,Uj,Vk,vi are taken along approximately real (for z real) contours as for 
fusion rule 1. The indices indicate: i = 1, r; j = r + 1, R; k = 1, s; / = s + 1, 5 — 1, 
whereas v runs along the contour C„ which starts at x and surrounds both and z, cf. Fig. 



In addition to the s-channel blocks we have defined above, we define additional ones in analogy 
to the case for minimal models Namely, instead of using complex contours close to the 
real axis (for real z), we may use real time ordered integrations, with an ordering so that all 
terms in the integral expression for S^^^f^^ become real. This block is denoted S'^^l^f^y Similar 
to the case of 3-point functions one finds 

where s^^ffQ-^{z, x) is normalised in such a way that the behaviour as 2; — * 0, a; — > is 

4r,s%(^^ ^) = z-^^^'^'^^^'^+'^^^'^-xy'+^-'-^'il + 0{z, x)) (5.57) 
The A-functions were defined in ( [4.65| ). Similarly for fusion rule II we write 

= K{p')K{p)\R-r{p')\s~s~l{p)Sl^'J^l{z,x) 
q{R,S) / \ {R^S) / \ t»t(-R,S') 

= z-^^''^-^^''^+'^^'"\-xy'+''^'"{l + 0{z,x)) (5.58) 

where 

jn = -jj - 1 (5.59) 

The leading behaviour (for z ^ followed by x — > 0) in this case of fusion rule II is determined 
by the scalings 

Ui ZUi 
Vk ZVk 

V {—x)v (5.60) 

In the limit z,x ^ the v integral becomes trivial and is carried using ( p^.l31j ). The normalisa- 
tion constants Nj^^f^^^ and Nj^^ fi) found in terms of the Dotsenko-Fateev integral ( [4.58| ) We 
shall need these normalisations in the calculation of crossing matrices. After some calculations 
we obtain 

^(SS = H''-''^'-'JrA(^,c;p)jR-r,s~sia + c-2{r-ps)-p,b;p) 

s{a' + d- 2{s - p'r) + 1 + ip') 

r=o + + C - 2(s - p'r) + 1 + p'{R -r-l + i)) 

"yf' s{a + c-2ir- ps)- p + ip) 

ti s{a + b + c-2{r - ps) - p + p{S - s -1 +i)) ^' ' 
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and 



^(R,S) ^ ^iR,s) r(p)r(l-p)r(2-2r + a + c + 25p) 



(r,.,i) (r,s+i,o) _ c - 2ps + 2r)r(l -r + a + sp)T{l -r + c + sp) 

r((s + l)p - r)r(2 - r + a + c+(s- l)p) ^^'^^^ 

For the integral realization considered here it is trivial to obtain the t-channel forms once 
the s-channel forms above are given. In fact we have in an obvious notation (e = 0, 1 for fusion 
rules I and II) 

^r55(^' ii' is, is, 34) = ^(rfli'^ -z,l-x; js, 72, jl, ^4) (5.63) 

We notice the following. When in the integral realization, we also transform all integration 
variables as u ^ 1 ~ u,v ^ 1 — v, the integrand for the t-channel block is identical to the one 
for the s-channel block, up to phases. In particular, whenever we have {u — x) or {v — x)''' in 
the s-channel, we would have (x — u) and (x — f)"'' in the t-channel. Also, after transformation 
of the variables, the integration contours in the t-channel are between z and 1 and between 
and — oo, and the complex contour for v in the case of fusion rule II surrounds z and 1. The 
above factors, {u — x) etc. are real provided a; < in the s-channel, or x > 1 in the t-channel. 
These two possibilities map to each other under x ^ 1 — x. 

5.3 Proof of Equivalence 

As previously indicated there is no absolute need for proving the equivalence between the 4- 
point function by PRY and the one by Andreev since both satisfy the Knizhnik-Zamolodchikov 
equations. Nevertheless, it is of some interest to understand better how two such seemingly very 
different expressions can agree, and it is rather nice to be aware of the clarification provided by 
the relation to the minimal model case treated in Chapter 2. Here [|112|| we go over several of 
the steps needed for a direct analytic proof. In fact, we investigate the singularity structure of 
the two expressions in the double limits, z,x ^ 0, z,x ^ 1, z,x ^ oo and in the single limit, 
z ^ X. We restrict ourselves to just one of the s-channel conformal blocks. 

Proposition 

^ ^ l-v,z 



[ dufl dvkviil - VkY{l - zvkY fl - —-u] n K - 

Jo fcVi V 1-zvkx y/^^, 

^'^ / 1 — 7/;- 7 \ 

n dw,wt{l - w,)\l - zw,r (1 - ^-u] \{{w, - w,fP 

N,M 



k,i 



A/ 

n dw,wt\\ - w>Y^\\ - zw.y (l - -w^ ' n(^'- - ^"^'^ 

i=l \ X J 
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lli^k-w,)-'' (5.64) 



k.i 



where 



_ r(-c)r(& + c+i-iv+(M-i)p) ^^ 
r(6 + i-iv + (M-i)p) ^^^'^ ^^-^^^ 

and -ft'ATA/ is given by ( p.l65| ). Here, up to irrelevant common pre-factors, the left hand side is 
the PRY form of the conformal block ( |5.21| ) for r = R = N and s = 5* = M in the s-channel. We 
denote this by 5*^^^. Similarly up to the same pre-factors and the new normalisation constant, 
Kpfj^, the right hand side is essentially (|5.50|) . We denote it by S"^. Notice in particular that 



now we put 

a = 2ji, b = 2j2 + P, c = 2j3, p = t (5.66) 
6, 6' are given by the same expressions as for the minimal models 

S = a + c+l- N + {M -l)p 

S' = a' + c +1- M +{N -l)p (5.67) 

Then a — 5 is what was called a in previous sections, b + 6 was previously called c and c — 6 was 
previously called b. In subsequent sections we shall revert to this notation, but in this section 
we stick to the present notation in order to emphasise the similarity with minimal models. Also 
notice, that because all integrations are between and 1 (after scaling by z), it is possible to 



deform the u integration in Fig. ^.3| to being along the real axis from to 1. 
Proof 

We demonstrate that both the left hand side and the right hand side of the claimed identity 
have the same singularities in the limits z,x ^ 0, z,x —>■ 1, z,x oo and z x. The z limits 
are the dominant ones, the ones taken first. The proof turns out to be rather more laborious 
than for the minimal models. This is due to the x dependence and the u integration in the 
case of S^^"^ . However, the general strategy is entirely analogous, so we will not go over all 
the steps on the way. 

z, X — i> 

The limit z,x ^ is simple to deal with and it gives rise to the normalisation constant Kf^j^^ 
differing from the one in the minimal models Knm because of the u integration. 

z,x 1 

We first deal with S^. Exactly as in the case of minimal models, we split the ordered integration 
ranges for the f 's in n v^s and m Wj's in (0, 1 — e) and N — n f;'s and M — m Wj^s in (1 — e, 1). 
Omitting integration signs and products for brevity we find 

oA ^ (1 _ \(N-n){b'+c'+l)+{N-n){N-n-l)p' + (R4-m){b+c+l)+(M-m){M-m-l)p-2(N-n){M-rn) 

(x - l)^""-(*^-")^K^jv/ 

<'-^'(l - y^f+c'HN~n)2p'-2(M-m)^^ _ _ ^^,)2p' 

-b 

w 



-b'-c'-2-iN-n-l)2p'+2(M-^)^^ _ ^^f+S'^^^ _ ^^,)2p' 

b-c-2-iM-m-l)2p+2(N-n)^^ _ ^^Y+\w, - W.^Y^iVi - 1^,)"' (5-68) 
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where we have performed the same scahngs as for minimal models. The above has to be summed 
over n and m, but for a fixed value we pick up the pure {1 — z) and {x—1) singularity indicated. 
The l,j part of the integration gives immediately rise to a standard Dotsenko-Fateev integral. 
For the k, i part we perform the further split and scalings 

nl fl-e pi 

= + / (5.69) 

Jo Jl-e 

V 1- 1-1/a; 

V 



L 



^\ n in fl — e '^^^ 

\ ^dvk^dwi ^ j2 n dvka n dw. 

^ k=l i=l no,mo A;()=ri-fi()+l io=m-mo+l 



I n—n[) rn—trio 

n dvk n dwi (5.70) 



1 « fc=l i=l 



In the limit x — > 1 we extract the {1 — x) power and find the coefficient again to be given by 
the product of two DF integrals. Analysing the gamma-functions of these we see that we can 
only get a non-vanishing result if {hq, mo) = (n, m) or if (no, mo) = (n, m — 1). Wc denote these 
cases by S:^^ and S*^^/. They will turn out to be related to fusion rules I and II. Combining 
everything we find the following singularities in the limit z,x ^ 1 

qAI _ /I \(N~n){b'+c'+l)+{N-n){N-n-l)p'+(M-m){b+c+l)+(M-m)(M-m-l)p-2{N-n){M-m) 

• {x - l)^-"-(^'"™)''Ar(5;fj,) 

qAII _ /I _ \(N-n)(b'+c'+l)+{N-n){N-n-l)p' + {M-m)(b+c+l)+{M-m){M-m-l)p-2{N-n){M-m) 
. - lf+c+l-N+n+{M-m-l)p^^QAII^ 

One checks that the singularities exactly correspond to fusion rules I and II. The normalisations 
^i^nm) N{S^^) are found explicitly in terms of products of DF integrals to be lengthy 
expressions involving many products of ratios of gamma-functions. 

We now turn to a similar analysis of S^^^ in the same hmit z — > 1 followed by x — > 1. We 
replace u ^ 1 — u and perform the same split and the same scalings of the v and w variables 
as in the case of minimal models. Omitting again integration signs and products we find 

qPRY ^ /I \(Af-n)(b'+c'+l)+(Af-n)(Ar-n-l)p'+(M-m)(6+c+l)+(M-m)(M-TO-l)p-2(Ar-n)(M-m) 
^-'(1 _ y^);>'+c'+(^-„)2p'-2(M-m)(^^ _ ^^,)2p' 

<(i - ^,)^+^+(^-)2^-2(^-«)(^, - w.fivu - 

_ ^^f\x _ (1 _ ^,)(i _ u)){v, - v,r 

^_,_,_2-(M-m-l)2p+2(iV-n)^^ _ _ _ _ _ 

{vi - ^/;,)-2ii''+^-^+(^-i)''(l - uY''-^{x - 1 + u)"P (5.72) 

Here the A;, i integrations are independent of x and u and are readily evaluated in terms of DF 
integrals, so we concentrate on the Z, j part. We perform the split and the scalings 

„1 N-n M-m N-n M-m 



i n dvi n dwj = i n dvi, n 

" 1=1 j=l no,mo'^" lo=N-n-no+l jo=M-m-mo+l 



dWjQ 
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„l N—n—'tiQ M—m—mo 

J n n ^'^j 



w (x — 1 , 



1=1 j=l 
1 — w 



w 

dw / — ~ x-1 / — 5.73 

Jo 



and similarly for du. To be able to distinguish we write 



du 



du — > {x — 1) 



^dy 
?/2 



u ^ — ^ (5.74) 

y 

and denote them the u and cases respectively. In the u case the arising DF integrals turn out 
to vanish unless = rriQ = 0, and we find in the u case 

oPRY,u ^ (1 _ \{N~n)(b'+c'+l)+{N-n){N~n~-l)p'+(M-m)(b+c+l)+{M-rn){M-m-l)p 
. (^1 _ ^y2{N-n){M^m) 
n m 

k=l i=l 
N-n M-m 

1=1 j=l 



w 



J 



-b-c-2-iM^m-l)2p+2(N-n)^^ _ _ _ ^^y2 



■ {l-{l-Vi){l-u)){l-{l-w,){l-u))-P 

_ ^b+c-N+n+{M-m-l)p^^ _ ^yc-1 ^5^75^ 

Now we want to establish 

^NM ' = ^NM (5.76) 

and 

5f^^'" = , (n,m)^(iV,M) (5.77) 

A straightforward analysis shows that the first one is satisfied. The second identity follows 
from the first generalised DF integral in ( |5.95| ). 

In the y case we introduce a similar further splitting resulting in objects S^^^^,^^. It turns 
out to be possible to demonstrate that 

nPRY _ cAII 
^nm;00 ^nm 

S^Zi = Sni , rn<M (5.78) 

The analysis contains no new ideas over the situation encountered for minimal models, but 
again the calculations involved are quite lengthy. In principle we should check that higher 
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values of no, give zero. We anticipate no interesting problems here [ |112|| . The seemingly 
missing PRY counterpart of S^l^ for n < N might be 'recovered' in the framework of the 
comments following (|5.48|) . 

z/x, X oo 

Again we first analyse the case. We introduce the same splitting of integrations and the 
same variable transformations as for minimal models, and find 

qA t^x ( \n{-a' +8' -1)+{N -n){c' -5' +l)-n{n-l)p' 
/ ^'\m(— a+5— 1)+(M— m)(c— 5— p)— m(m— l)p+2nm 



^-{N-n)+{M-m)p 



2p' 



-a'-c'+2<5'-2+2m-(n-l)2p' \a'-5'/ \ 
' ^ (1 - Vk) [Vk - Vk') 

-a-c+25-2+2n-(r?i-l)2p /-I \a-5/ \2p/ \~ 

' '^(1 - Wi) {Wi - Wi>) P{Vk - Wi) 

1 + -] 1 + ^ 



XVk J \ XWi 
^a'+c'-25'+l-2m+n2p'^^ _ _ ^^,)2p' 

• ^«+-25-2n+(2m-l)p^^ _ ^^f+S^^. _ ^ .,)2p(^^ _ y,^.)-2 (5,79) 

again omitting integration signs and products, which are just as for the case of minimal models. 
The /,j integration is seen to result in DF integrals. In the k,i integrals we perform a split of 
integrals form to e and from e to 1. In the /q we transform variables like 



l-v 



V 



1 + 



XV 

l-v 1 



XV \ — V X 

dv x^^ I ^ 

JO f2 



1 \{dvk\{dwi = n ^^feo n ^^io 

•'^ k=l i=l no,mo''^ ko=n-no+l io=m~mo+l 

I n—no m—mo 

■ U dvk U dwi (5.80) 



An analysis of the coefficients of the singularities reveals that this is non-vanishing only if 
{nQ,mo) = (0,0) or if (?7,o,mo) = (0,1). These two cases we term again (we use the same 
notation as before, even though now we consider a different limit), S:^^ and S:^^^ for what 
turns out to be fusion rules I and II. We find 

nAI _ ( \-{N-n)a' +nc' -{N-n){N-n-l)p' -{M-m)a+mc-(M-m){M-m)p+(M-m){2N-2n-l) 
nm ^ ' 



^ ^(JV-n)+{A/-m)pjYj^ gAI ■ 



nmJ 



nAI I _ f _ \~{N~n)a'+nc'-{N-n){N-n~l)p'-{M-m)a+mc-(M-m){M-m)p 
^_^YM~m)(2N-2n-l) 

^.a-c-l+N-n+(-M+m)p^^gAII^ ^gg^) 
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where the normahsations (different of course to the ones in the previous hmit z,x — ^ 1), 
N{S^^) and N{S^J^^) are given (in terms of DF integrals) by lengthy products of ratios of 
gamma-functions. The singularities shown indicate that indeed we are dealing with fusion 
rules I and II. 

We then treat the S^^^ case. Again we first perform the same splittings and variable 
transformations as for S"^ with the same meaning of Vk, vi, Wi, Wj. The i, k part is again simple, 
whereas the l,j part is treated with a split of the ordered integrations as 



„l N—n M—m 

I n n 

1=1 j=i 



followed by the scalings 



E 







N-n 

n 



dv, 



lo 



n 



dw 



JO 



no.mo"" lo=N-n-no+l jo=M~m-mo+l 
]^ N—n—riQ M—m— mo 

Yl dvi Yl 

1=1 j=l 



(5.82) 
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(5.83) 



We then seek to demonstrate that 



qPRY 

^nm;00 

nPRY 
^nm;01 

PRY 

nm;nomo 



qAI 

'-' N-n,M-m 
cAII 

'-'N-n.M-m 



0, (no, mo) (0,0), (0,1) 



(5.84) 



The proofs of the first two identities are lengthy, but with no new ideas introduced. An explicit 
proof of the last identity is lacking, but again we anticipate no problems. 



X 



This case is the most complicated one. We omit nearly all the details, most of which are similar 
to what have been described above. Let us outline the strategy. First one may check that the 
nature of the singularity is a linear combination of just two different powers of {z — x) namely 



either (z — x) or (z 



- xY'+^ 



-p) 



Second one must investigate whether the coefficients of these 



two powers are the same for the two sides of ( ^.64|) . That coefficient is a function of x in the 
limit 2; — >■ X, so we must investigate whether the coefficient functions defined by the two sides 
of (|5.64|) are equal. As above the technique is to investigate the singularity structure in the 
singular limits a; = 0, 1, 00. 

Let us return to the first issue. Here it is suggested to denote the channel or basis corre- 
sponding to the limit z — > x by v, inspired by the alphabet s,t,u,v. Consider for fusion rule I 
the general real s-channel block S'^^f^'^{z^x) and perform the transformations Ui,Vk zui, zVk 
and Uj,vi l/uj,l/vi whereby all integrations become /q^ 



ZUi 



Ui 



[Ui 
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uf-''-^\l 



ZUj) 



u 



_2p'(R-r-l)^-2p'^ 



ZUiUj 



2p' 



-a—b—c I 



2p -2p{S-s-l) 



V 



ZVkVifPVi ^ 



{Ui-Vk) (l-ZUiVi) Vi{l-ZVkUj) Uj{Uj-Vi) u 



-2 2(5-s-l) 2(R-r-l) 



X 



X 



-Vk 



u, 



-^{l-xuj)v^i{l-xvi)-'' 



(5.85) 



In these considerations we leave out integration signs and products. We notice that only Ui and 
Vk may scale wrt z/x and let us denote the ro, sq ones that do by Wi and Wk 



Ui 



z 

X 

z\ 1 
X. 



Wi 



Wk 



Wk 



1 

Vk ^ I- 

In the limit z — > x the w integrations decouple 

.e'_2p'(.o-l)-2+2.o-l^^ - W,r'{w, - W.f^' 



(5.86) 



ro 



dwi dwkwl 

i=l k=l 

^-c-2p(so-l)-2+2ro+p/-|^ _ 



WkYiWk - Wk'f''{Wi - Wk) ^ 



(5.87) 



from which one deduces that ro = and sq = 0, 1. This gives that the only possible powers of 
z — X are 



_ ^^so(c+l-p) 



[z-x) 



So = 0, 1 



(5, 



A special feature arises for s = since then So = and in the corresponding rows there is only 
one matrix element different from zero. The two possible v-channel blocks are easily expressed 
in terms of simple contours and will be denoted V^^'^"^ and ¥2^'^^ 



{R,S) 



qiR,S) 

(0,0,0) 



R,S-l 



y{R,s) ^ r fl dujdvi r dw 

Jl -111 Jz 



j=l,l=l 

vfivi - lf{vi - zY{vi - xyp{vi - vi.f'iu^ 



w"(l - w)\w - zY{x - w^ivi - wf^iuj - w)-^ 



(5.89) 



We have already seen that Vi has the correct {z — xY behaviour. To see that V2 has the correct 
z — x singularity we make the transformations Uj,vi l/uj,l/ vi and v —>■ {x — z)v + z whereby 
all integrations become and one easily finds the singular behaviour 



(x - zY-P+^ 



(5.90) 
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The situation for fusion rule II is very analogous. We make the transformations Ui,Vk,v 
zui,zvk,xv and Uj,vi l/uj,l/vi whereby we obtain (up to irrelevant phases) 



qiR,S) 



J J 
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2p' -2p'(i?~r-l) 
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(5.91) 



As for fusion rule I it is relevant to scale Ui, Vk but this time also v. If f is not scaled we 
find exactly the same decoupling of the transformed variables (denoted Wi,Wk). Again this 
indicates that we only need V^^*^'^''^-' and V2^'^^ . However, if v does scale the situation is much 
more complicated to handle. Though, we anticipate that it does not lead to any new v-blocks. 

Let us turn to the second issue. It turns out that the sought equahty (|5.64| ) depends on the 
following identities 

dwdyw-^-'^+P{l - wY{l - (1 - u;)(l - (1 - x)y))-P 

Jo 

y-b-c+N-2+{-M+2)p^^ _ y^b+c-N+{M-l)p 

_,_^T{a + l)r(6 + c + 1 - AT + (M - l)p)T{-a -b-c-2 + N + (-M + 2)p) 



'1 — X 



r(p) 



and 
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dyw~''{l - wy+^~\w - yY^y'+'-'^l - y) 



c„b+c-2( 







(5.92) 
(5.93) 



which are not too difficult to prove. Next define the Dotsenko-Fateev integrand 
DF{N,M;a,b,p; {vk},{wi}) 



N M 
k-l k<k' 



i=l 



N,M 

wirYiiwi-wi'ff' n K 

i<i' k,i 



- Wi 



(5.94) 
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Then we find that the equahty of the two sides of ( p. 641 ) depends on the following three identities 
(generalised DF integrals) 

„1 N M 

(/) / dul[dvkl[dw,DF{N,M;a,b,p]{vk},{wi}) 

k=i i=i 

■ (1 - (1 - Vk)u){l - (1 - Wi)u)-Pu-''-\l - ^,)^+--A^+{A^-l)P 

T{-c)T{b + c+l~N+{M~ l)p)T{a + b + c + 2-N+{M- 2)p) 
r(6 + 1 - p)T{a + b + c + 2-2N+ (2M - 2)p) 

N M 



„1 iv ai 

■ / l[dvkl[dwiDF{N,M;a,b- p,p-{vk},{w,}) 

"'0 k=l i=l 
„1 n m+1 

(II) / JJ^ dvk Y\_ 

•^0 7,-1 • -1 
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r(-6 - c + iV-n-l + (-M + m + 2)p)r(-iV + n + (M - m)p) 



r(p) 



1 ™ 



n '^^fc n 

fc=l i=l 

■ m;a,b + c-2N + 2n + (2M - 2m - l)p, p; {vk}, {wi}) 

1,1 n m 

{III) / (in JJ^ dvk W dwi 

"'O k=l i=l 

DF{n, m; —a — c + 2n — 2 + (—2m + 2)p, a, p; {f fe}, {wj}) 

■ (1 - Vku){l - w,u)-Pu-'-\l - 

r(-c)r(6 + c+ l- Ar+(M- l)p)T{a + b + c + 2-N + {M- 2)p) 



T{b + l- N + n + {M-m - l)p)T{a + b + c + 2 - N - n + {M + m - 2)p) 

„l n m 

I dvk dWiDF{n, m; —a — c + 2n — 2 + (—2m + 2)p, a, p; {vk}, {wi}) 

•^0 fc=l i=l 

(5.95) 



All the final integrals are of course DF integrals. In the second identity there is a phase 
depending on the precise choice of the integration contour for u. These last three identities 
have not been proven directly, but are easily checked for low values of N, M. One may take 
the attitude that the undoubted identity of the PRY realization and that of Andreev, i.e. the 
unquestionable correctness of ( ^.64|) , implies these somewhat remarkable integral identities in 
addition to the ones underlying the cases discussed above. 

Let us supply with some details on the limit z ^ x. We already know that the rhs of ( ^.64|) 
vanishes except in the two cases {tq, sq) = (0, 0), (0, 1). The notation used there is different from 
the one used otherwise and to which we will stick here. The translation of (ro, Sq) = (0, 0), (0, 1) 
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gives (n, m) = (A^, M), (A^, M — 1). In conclusion we find for tlie Andreev representation 

N 
k=l 

M 
i=l 

r(-c)r(& + c + l-N+{M~ l)p)T{a + b + c + 2-N+{M- 2)p) 
r(6 + 1 - p)V{a + h + c + 2~2N+ (2M - 2)p) 

■ <(1 - Wif-f{l - xWiYiwi - w,> fP{vk - (5.96) 

and 

N 

■ K^NM n - Vkf'^''-\l - XV,Y~'\V, - Vy fP' 

k=l 

M-1 

■ n - - xw,r~\w, - wef^ivk - Wir^ 

i=l 

^ _ ^ ^ ^y+b+c+2-N+{M~2)p _ ^^-a~l+N+{-M+l)p 

T{a + l)T{b + c+l-N + {M- l)p)T{-a -b-c-2 + N + (-M + 2)p) 

N 

■ n - ^kf'ii - xv,r'~\vk - Vk'f'' 

k=l 
M-l 

■ n - ^^)\^ - x^iY^'i^i - w.y'^ivk - w,)-' (5.97) 

i=l 

The rewritings are due to tlie integral identity for minimal models (|2.163| ). Again we have used 
the same notation as in the other limits, but as long we do not make any direct comparisons 
between results obtained in the different limits, it should not lead to any confusion. 

Now we turn to PRY. We will have to divide into two cases; V^^"^'"^ where u is not scaled 
and V^^^'^ where u is scaled 

{1- z/x)^^ (5.98) 

y 

In both cases we let n f 's and m w's transform and denote the cases S^^^'^ and S^^^'^ . 
Several lengthy and cumbersome manipulations using the various integral identities, lead to 
the following identities 

^NM ~ '-'00 ; 'JAf.M-l ~ "^Ol {O.'d'd} 

Without going into these final and comprehensive computations we conclude that the above 
proof presents substantial evidence for the claimed integral identity ( 5.64 ) at the level of direct 
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verification. Taking the aforementioned attitude of accepting the equivalence of the PRY and 
Andreev representations from the point of view of both representations producing solutions to 
the KZ equations, the above assumptions are all justified. 
□ 



5.4 Over-screening 

The 4-point blocks considered so far are ones where we have either fusion rule I operating at 
both vertices, or fusion rule II operating at both vertices. We now describe how to obtain 
4-point blocks for the case where we have either fusion rule I for jij2j and fusion rule II for 
JJ3J45 "we denote that case by (II, I), or fusion rule II for jij^j and fusion rule I for jjsj^, we 
denote that case by (I, II). We emphasise that for a collection of spins considered so far, so 
that fusion rule I (or fusion rule II) is possible at both vertices, neither (I, II) nor (II, I) will be 
possible. Hence there will be no mixing in the crossing matrix calculations. 

Our technique is based on the discussion of fusion rules I and II for the 3-point function in 
Chapter 4. Now the charge conservation reads 

Ji+J2+J3-34 = R-St (5.100) 

and as for the charge conservation of the 3-point function there is a considerable freedom in 
choosing the numbers of screenings. Let us introduce the following three choices 

Standard Screening 

2R = ri + r2 + r3 - r4 - 2 

2S = S1 + S2 + S3-S4 (5.101) 

Over-screening 

2R = ri + r2 + rs - - 2 + p 

2S = si + S2 + S3- + q (5.102) 

Reducible Over-screening 

2R = ri + r2 + ra — r4 — 2 + 2p 

25 = Si + S2 + S3-S4 + 2g (5.103) 

Any 4-point function may be factorised into a product of two 3-point functions, but in the 
previous work based on ( p.l01| ) this fact has been somewhat unclear in the case of fusion rule 
II. There is apparently a very simple explanation for that. According to the discussion of 3- 
point functions, the 'natural' way to obtain a fusion rule II 4-point function is to use ( |5.103| ), an 



over-screening by p, q at both vertices. However, the total addition of 2p, 2q might be reducible 
since it involves only even numbers. Indeed this is what we find since we have been able to 
define 4-point functions for fusion rule II using the standard screening (|5.101|) . The reducibility 
obscures the factorisation. 

Let us first notice that ( ^.102| ) indeed provides us with a new family of 4-point functions 
(if we can find contours such that the blocks are well-defined and non- vanishing) . This follows 
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from the fact that there is no overlap between fusion rule I and II, such that a block based on 
(II, I) will be different from blocks based on other combinations. Here the notation (II, I) refers 
to the fusion rules involved in the (left, right) vertices. There are two cases of interest 

(1,11) 

'ri + r2 - r - 1 + p Si + S2 - s + 

2 ' 2 

r + rs - r4 - 1 s + S3 - S4 



(Pi,c^i 

(P2, (^2, , 2 
iR,S) = ipi+P2,cj, + a2) (5.104) 



(11,1) 



(Pi,^i) 

(P2,0-2) 



ri + r2 - r - 1 Si + S2 



2 ' 2 

r + r-i - - 1 + p s + S3 - + q 



2 ' 2 

{R,S) = {pi+p2,cri + a2) (5.105) 

(pi,cri) are the numbers of screenings around the right vertex jij2j while (p2,cr2) are the 
numbers of screenings around the left vertex jjsji- The internal state is parameterised as 

2j + l = r-st (5.106) 

R and 5* are the total numbers of screenings. 

At both vertices we choose contours similar to the 3-point functions. Compared to the 



contours in Fig. |5]^ this amounts to substitute (in the case (I, II)) the cxi DF contours for the 
screenings of the second kind around the right vertex by Felder contours. More precisely, we 
may take vi, ...Vs to run along circle like contours passing through the point z, and surrounding 
the contours for Ui, ...,Ur, i.e. surrounding the point 0, in such a way that the Wi-contour lies 
inside the f2-contour, etc. Similarly for the case of (II, I), we modify the contours for Vg+i, ^5 
into circle like contours surrounding (actually surrounding 00) and passing through the point 
1, in such a way that the contour for Vs+i lies inside the contour for ^^+2 etc. 
Thus, in the case (I, II) we want to establish the following 

(1,11) 

A,,(l/t)xg)(S- S3 - l;t)X,,il/t)X^,mlp3\,o) ^0,00 (5.107) 
The argument of the x function follows from the fact that the deformation of Felder contours 
only depends on the number of integration variables and (minus) the fractional part of the 
common power of the Wj's (not on the power of (1 — Wi)). In this case the power is a = 
— 2j3 + t + R — St — 1 so the fractional part is {s^ — S + l)t. Using (|4.60|) one obtains the 
normalisation 

^(piU,o) = ^Pi,^M^ t)JR-pi,s-ar{a + c - 2(pi - ait) - t, b; t) 

= Jp,,aM,c;t)Jp,^,,{-a-b-c + 2{R-l) -2{S -l)t + t,b-t) 

^ ,2p,., r(j7t) Tjjt - pi) 
M r(iA) M m 
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/J, r(l - 2ai + Si + S2 + (1 + Pi - ri - r2 + j)/t) 
Pi-i 

n r(l + si + S2 + S3 - 5 + (2 + i? - ri - r2 - rg + j)/t) 

j=0 

"--^^ r{l-pi + R-r3 + {ss-S + l + j)t) 
j=o r(ri + r2 - pi + (cTi - Si - S2 + j)t) 

cri-l 

n r(ri + r2 + rg - 1 - Pi - i? + - Si - S2 - S3 + J» 

^2p...-^r(jyt)-Qr(jt-p2) 



iL^i r(i/t) ^^1 m 

T{S -S2 + {r2-R + j)/t)TiS -s^ + {n-R + j)/t) 
/J, r(2ai - si - S2 + (ri + r2 - 1 - - pi + j)/t) 

r(i + pi - r2 + (s2 + 1 - g + j)t)r(i + - n + (si + 1 - ^ + j)t) 

/J, r(2 + i? + pi-ri-r2 + (l-5-ai + Si + S2+J» 

(5.108) 

According to both fusion rule I and II 

Pi<p Oi<q (5.109) 

so 

Ap, 7^ ^ A., (5.110) 

and we may concentrate on x ^i-nd A^. The remaining analysis is straightforward (but cum- 
bersome) and equivalent to the one employed in the discussion of 3-point functions: using 
the relevant fusion rules, we consider the gamma- and sine-functions one by one in order to 
determine the netto number of r(0)'s (~ l/s(0)'s). As expected, one finds the cancellation 
(r(0)/r(0))^ from the part concerning the right vertex (fusion rule II). The expectation is due 
to the factorisation into 3-point functions and the similar experience from considering 3-point 
functions. 

The analysis of the alternative possibility ( 5.105 ) is analogous. Now we want to show 
(11,1) 

(-l)-A,,(l/t)A.,(t)A,,(lA)xg(5-32 - l;t)<';'2,o) ^0,00 (5.111) 

This time we encounter the cancellation (r(0)/r(0))^ at the left vertex, again as expected. 

Having performed the analysis of the 4-point function based on over- screening (|5.102|) it is 
a simple matter to verify that reducible over-screening (|5.103|) indeed leads to well-defined and 
non-vanishing 4-point functions. We choose pi DF contours and (Xi Felder contours around the 
right vertex along with p2 DF contours and (J2 Felder contours around the left vertex. The 
numbers of screenings are 

(II,II) 

, - fri + r2~r -l+p si + S2- s + q'' 

(Pi,f^i) = 



130 



r + r-s - - 1 + p s + S3 - S4 + q 



2 ' 2 

{R,S) = (pi + P2,^i + ^2) (5.112) 

The analysis of the corresponding 4-point function is most easily performed using the techniques 
above 

= i-^rK.mx^'Hs - .3 - 1; t)x,,mx^Sis - ^2 - 1; t)<;;!,o) (5.113) 

Remembering that for the over-screened 4-point function based on (II, I) and (I, II) all r(0)'s 
appeared at the over-screened vertices, we may conclude that in the present case there will 
be exactly 4 cancellations of the form r(0)/r(0) leaving Sj-^^ f^jj jj-^-^ well-defined and non- 
vanishing. 

The representation ( |5.113 ) gives us an alternative form of that block from the one considered 



so far, but one with more screenings (more integrations in the case of Andreev's representation). 
Our previous treatment is the most economic as far as the numbers of screenings are concerned, 
and indeed it is more convenient when considering the crossing matrix (next section) since 
our technique there is based on contour deformations and becomes 'singular' when different 
numbers of contours are in play. We will have more to say about 4-point functions based on 
over-screening when discussing operator algebra coefficients in a subsequent section. 



5.5 Crossing Matrix 



The crossing matrix ^, is defined by the equation 



S, 



(r,s,e)' 



R S 



z, x) 



{R,S) 



r'=0 s'=0 
R 5-1 



+ Y X! '^(r,s,e),(r',s',l)^(l',s',''l)(^' ^) 



iR,S) 



(5.114) 



r'=0 s'=0 



As explained in |^ , it is enough to calculate one column and one row of this matrix in order to 
determine monodromy invariant Greens functions. It turns out that a moderate modification 
of the techniques described there suffices for completing the corresponding calculations here 
following ||112|| . The main new feature is the fact that we have to observe also the x dependence, 
and the presence of the complex contour in the case of conformal blocks for fusion rule II, cf. 
Fig. H 

We will not discuss the case of over- screening in this context but refer to the section below 
on Greens functions. 



5.5.1 The Column of the Transformation Matrix 

Following the idea of |^ we define the following object [p.l2|| (suppressing several variables) 



J{ri,Si,r2,S2,r3,S3) = z 



2jij2/t( 
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Si ^1 r-i+r2 S1+S2 ri+r2+rs S1+S2+S3 

dvi 



' 1 '^l n I ' I \ ' Z '^l \ '^Z poo ' I \ • Z \ • A '^L \ -^Z 

w Y[dvk J n Yi dvnj n n 

i=l k=l ^ m=ri+l n=si+l j=ri+r2+l i=si+s 

n<'(l - u,f{z - u,f Yliu, - u,)'p'{u, - x) 

i i<i' 
"I m<m' 

n<K- - ifiu, - zY n K- - «/)'^'(«. - ^) 



+1 



■ X{vl{l-Vk)\z-VkrX{{vu-Vk>fP{vk-x)-P 

k k<k' 
n n<n' 

I l<l' 

n,k l,k l,n 

■ nK-«/3)"' (5-115) 

In other words, there are ri and Si u and v integrations between and z, r2 and S2 u and 
V integrations between z and 1 and and S3 u and v integrations between 1 and 00. Also 
the variables, Ui,Vk,Uj,vi are taken along contours similar to the ones in Fig. ^.8| , whereas the 
variables, Um, f„ are taken along similar ones lying between z and 1. We notice that 

Jir,s,0,0,R-r,S-s) = 5^5) 

J(0,0,i?,^,0,0) = T^^^s% (5.116) 

Therefore we may start from J(r, s,0,0, R — r, S — s) and gradually move integration contours 
by contour deformations on to the interval [z, 1). In the process we pick up contributions from 
integrals between —00 and 0, but these may be neglected in the calculation of the column, 
'^{r 's% (Rso)- "^^^ calculational procedure consists in deforming upper and lower u and v con- 
tours in appropriate ways, and forming suitable linear combinations of the result. As explained 
in 



4^, one may then derive identities for the functions, J(ri, si, r2, S2, ts, S3), by carefully keep- 



ing track of the phases arising between the result of the deformations, and the definitions of 
the J's. The useful identities turn out to be after some calculations 

J(ri,Si,r2,S2,r3,S3) 

= e , / I ,( TT^ ^ r-J ri - l,si,r2 + l,S2,r3,S3 + ••• 

s[h' + c' + p'[ri - 1 + 2r2 + r-i)) 

s(6 + c + p(s,-l + 2s2 + S3))^^"^' ~ ^' + ^' ''^ + - 
• ^(0,0,r2,S2,r3,S3) 

_ i7rp'(r2-r3 + l) s(c' + PV2) ^, n r- -Ul e t- 1 e ^ -U 

— e , — — — 777:. : TTT-'IU, U, r2 + i, S2, r3 - i, S3j + ... 

s(0' + c' + p'(2r2 + r3 - 1)) 
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^ _e-p(^.-.3+2)^ ^ 1^ .3 - 1) + ... (5.117) 

s{b + c + p{2s2 + S3 - 1)) 

Here the dots stand for terms that cannot contribute to the crossing matrix element. Let us 
illustrate the techniques involved by deriving the very first identity in ( p.ll7| ). We deform the 
upper u variable in the interval (0, z) on to the intervals {—00, 0), (1, z) and (+C)0, 1). This will 
result in a relation of the form 

-^('"i,Si,r2,S2,r3,S3) = (piJin - l,si,r2 + l,S2,r3,S3) + 02J(ri - 1, Si, r2, S2, r3 + 1,^3) + ... 

(5.118) 

where the dots stand for contributions from integration over the interval (—00, 0) which cannot 
have a projection onto the t-channel block we are interested in, which is J(0, 0, R, S, 0, 0). We 
call the upper u variable simply u and only consider the u parts of the various integrands. 
Let us denote the sets of indices for the u variables as Ji, J2,/3 when the variables are in the 
intervals (0, z), {z, 1), (1, 00) respectively. Likewise we denote the index sets for the v variables 
as Ji, J2, J3 when the v variables are in the same intervals. Then we have before we transform 
J(ri,Si,r2,S2,r3,S3) 

J' duu'''{l-uf{z-uy'll{u,-ufP'l[{u^-uyf'']J{u,-ufp'{u-x) n (va-u)-^ (5.119) 

^ II h I3 Jl,J2,J3 

The u part in J(ri — 1, Si, r2 + 1, S2, r^, S3) would be 

duu''' {l-uf {u-zf Y[{u-Uiyp' Y[{um-uyp' Y[{u,-u)^p' (x-u) n (vc^-u)-^ (5.120) 

Thus we find 

The u part in J(ri — 1, si, r2, S2, + 1, S3) would be 

/oo 
duu'''{u-lf{u-zy'l[{u-Uiy''l[{u-Umf''ll{uj-uyp'iu-x) [] (^«-^)"' (5.122) 

^1 h I3 Jl,J2,J3 

so we find 

02 = _e--('''+-'+2p'(n-i)+2pV2) (5_123) 

We then transform the lowest u contour similarly. Before transforming we have for the u part 
of J(ri,Si,r2,S2,r3,S3) 

J' duu^' {1-uf {z-uY' Yliu-Uiyp' l[{um-uy'' l[{u,-ufp' [] {va-uy^{u-x) (5.124) 

^ Jl h J3 Jl,J2,J3 

We want to find "^2 such that 

J(ri,Si,r2,S2,r3,S3) = ^/'iJ(ri - l,Si,r2 + l,S2,r3,S3) + V2'/(?'i - 1, Si, r2, S2, r3 + 1, S3) + ... 

(5.125) 

The u part of J(ri — 1, si, r2 + 1, S2, ^-3, S3) would be 

duu^'{l-uf'{u-zy'l[{u-Uiy''l[{u-Umfp'l[{u,-ufp' H {va-u)-\x-u) (5.126) 

^ II h I3 Jl,J2,J3 
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hence 

^1 = (_i)2g»-(c'+2A2) ^5127) 
The u part of J(ri — 1, Si, r2, S2, + 1, S3) would be 

/oo 
rfMM"'(M-i)''(M-2)'='n(w-wo''''n(«-«™)''''n(«-«j)'''' n {va-uY^{u-x) (5.128) 

h I2 I3 Jl,J2,J3 

so we find 

^2 = _ei-(b'+c'+2pV2+2p'r3) ^5_^29) 

Finally, we have 

(02 - 'iP*2)Jiri,Si,r2,S2,r3,S3) = (010; - V^i^;)J(ri - l,Si,r2 + l,S2,r3,S3) + ... (5.130) 

which gives the promised identity. 

After several further but in principle straightforward calculations, we obtain 

4rfmR,s,o) = i-lfe''''^ai%',b',c';p')ai%a,b,c;p) 

(s). , X nf=i s(jp) 



nLis(M n^=is("^p) 

sib + pjS-s + j)) sjc + pis + l)) 

f}os{b + c + p{S + j-l)) l{ s{b + c + p{s + S + l-l)) ^ • ^ 

and where a,),^(a', b', c'; p') is given by a completely similar expression. The phase is the result 
of multiplying many phases together. This completes the calculation of the matrix elements of 
the relevant column as far as fusion rule I is concerned. The result has a form identical to what 
is found for minimal models |H2 . 



Concerning fusion rule II it turns out that a simple trick allows to obtain the result rather 
easily. In fact, a suitable contour deformation of the complex contour allows one to obtain 
an equation of the form 

= -I (e^^'^'sic + ps)5{;S,o) + s{a + c + 2ps) [ ...) (5.132) 

The integral from x to (we imagine x < in the s-channel) cannot have a contribution with a 
(1 — z) singularity appropriate for '^(^^o), and so we do not specify the integrand, and we drop 
the integral in the calculation. Now it is an easy matter to obtain the missing matrix elements 
from the ones we have already given. One finds 

AR,s) _ l s{c + ps)s{{s + l)p) ms) 

"(r,s,l),(R,S,0) - - "(r,s+l,0),(R,S,0) 



sip) 



where 

s = 0,...,^-l (5.134) 
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5.5.2 The Row of the Transformation Matrix 

The procedure is to consider the s-channel block and then isolate the t-channel singu- 

larities in (1 — z) and (x — 1). The strengths of these singularities will tell us which t-channel 
block is obtained. In this way we determine modified crossing matrix elements 

r'=0 s'=0 

+ EE«£3'(.'.',i)iv!i)(^>^) (5-135) 

r'=0 s'=0 

These matrix elements are related to the ones we have previously considered by the normalisa- 
tion constants of the last section. Denoting the corresponding normalisations in the t-channel 
by c; p), we have 

(R,S) _ (R,S)' ijrj{R,S), , X 

'^(i?,S,0),(r,s,0) — '^{fl,5,0),(r,s,0)/^^(r,s,0)l'^' 

= «Slo),(r,s,o)/^S3(^«>c;p) (5.136) 
We consider the real time ordered form of the integral representation 

A-k{R-Sp) qiR,S) 

^ '^iR,S,0) 

.1 R S 

■ H dui n dvKufil - zuifil - uiY'ix - zui) n iui - urfp' 



1=1 K=l I<I 



V 



K 



[1 - ZVk)\1 - VkYIx - ZVk)-' n i^K - VK'f Yi^Ui - Vk)'^ (5.137) 



K<K' I,K 



The phase on the left hand side takes into account that s- and t-channel blocks are defined 
with different phase conventions as far as the factors [x — u) and [x — v)~'^ are concerned. The 
pre-factor z^ is obtained from scaling the integration variables with z. When z — ^ 1 it is regular 
and we shall ignore it in the following. 

Next, we use analytic tricks similar to those used when discussing the integral identity, in 
order to isolate the singularities in (1 — 2;) and [x — 1). We consider the integration region, 
where the first r Wj's are integrated (ordered) from 1 — e to 1, (e small > 0) the first s VkS 
similarly from (1 — e) to 1, and the remaining variables from to 1 — e. The first Uj's and 
f fc's are indexed by i and k and the remaining ones by j, I. The first Wj's are transformed as 
Mj — > 1 — Ui, followed by ^ (1 — z)ui, and likewise Vk I — Vk followed by t>fc — > (1 — z)vk. 
Inserting that in ( |5.137D we find the singular behaviour as 2; ^ 1 

(1 - ^)-Mi2)-Mj3)+Mii) (5.138) 

where 

Ji=j2 + j3-r + st (5.139) 
Furthermore one isolates the x ^ 1 behaviour 

(x - 1)"-^* = {x- l)^2+i3-i/ (5.140) 
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Therefore we may calculate the coefficient of t^fff^^ in the expansion of S^j^'^Q^. After some 
work one finds the result 

*(iJ,5,0),(r,s,0) 



«!Su...,o) = e-(-^+^'')X,s(-&-c + 2(r-l-(s-l)p),c;p) 



■ jR.r,s-sib + c- p-2{r- ps),a;p) (5.141) 
Some further calculations give 

«(Ss,o),(r,^,o) = (-l)"^e*^^''«S(« > b', c, d'; p b, c, d; p) 

h ^ \ TT s{b + ip) 

a'sj{a,b,c,d;p) = [[ 



i=o sib + c+is-l + t)p) 

s{a + b + c + d + 2{S-l)p- ip) 
\}o s{b + c + d + 2{S-l)p-{S-s-l + i)p) ' 

For convenience of writing we have defined 

d = — p 

d' = -d/p = 1 (5.143) 

The presence of the d dependence is the only difference from the corresponding expression in 
minimal models ||2]. It originates directly from the factors [u — x) and (f — x)~^ in the integral 



realization. Such factors are not present in the case of minimal models. 

In order to isolate the singularity which corresponds to the t-channel blocks for fusion rule 
II, we supplement the above specification of the integration region by the requirement that the 
variable Vs+i should be integrated between 1 — e and 1, and then transformed as Vg+i — > 1 — fs+i 
followed by Vs+i (x — l)vs+i. After some calculations we find 

"SSm.,.,!) = e'-(-«+^'')X,s(-6-c + 2(r-.p)+2(p-l),c;p) 
• JB-r,s-s-iia,b + c + p-2{r - ps);p) 

T{p-l-b-c-2ps + 2r)T{b + c + 2ps-2r + l) 



r(p) 

and using the normalisations and various gamma-function identities 



(5.144) 



J^'S) _ (R,S) S{p) 

«(ii,5,0),(r,.,l) - ^«{fl,5,0),(r-,.+l,0) ^ + C + p{s - 1)) ^ ' 



5.6 Monodromy Invariant Greens Functions 

Following the discussion in [^], monodromy invariant 4-point Greens functions 

G'iij2,i3,i4(^,^,a;,x) (5.146) 

can be obtained by writing 

Gn,j2,j3,Hiz,z,x,x) = |5(53(ji, J2, J3, J4; z,x)\'^xl^ff. (5.147) 



r,s,€ 
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This form ensures single valuedness in the hmits z ^ and x — 0. Single valuedness in the 
limits 2; — > 1 and a; — >• 1 is ensured provided the X's are chosen to satisfy 



"(V,J),{^?,5,o)(«'^ c; p) 

Using re-scaling tricks similar to we may throw away terms (products of sine-functions) 



independent of r and s. In this case we obtain ||112 | 

^l^S) = xi^^ c', rf'; p')xi'^ («, c, rf; p) 

xf)(a,6,c,rf;p) = fi.Mn%(.p)n + ;/;)^(^ +;^.) 

fj[ t=i f=o s(a + c + (s - 1 + z)p) 

""if' S{h + Zp)g(l - Q - & - c - - 2(g - l)p + 2p) 

s{l-a-c-d-2{S -l)p+{S - s-l+i)p) ^ ' 

where X^-^^(a', 6', c', rf'; p') is given by a quite similar expression. Let us illustrate the re-scaling 
technique by demonstrating the appearance of n£o*~^ ■^(^ + ^P)- Fi'oiii the ratio between the 
a's in ( |5.148|) we find that the only term involving only h is 

s-l ^ 5-1 

^- s(b + p(s - s + ])) " EWT^ 

= n;^'n"K''+«) (5.150) 

The factor with the product from to S* — 1 may be scaled away and we are left with the afore- 
mentioned term. Generally, it is allowed to renormalise the coefficients by arbitrary functions 
of R, S and a, b, c, d. 

The expression (|5.149|) is very similar to the result for minimal models except for the presence 
of the d = — p and d' = 1. Finally 



s{c + ps)s{{s + l)p)s{a + ps)s{a + c + p{s-l)) (^•'^+^'°) ^ ' 



Consistency requires that the Greens functions thus defined automatically are single valued 
also around z — > x. It has been checked that indeed for one screening charge of the second kind 
this is the case ||112|| . It is expected to be true generally. 

It is convenient for studies of the operator algebra coefficients to also introduce the following 
expansion 

Gnj2,j3,j4iz, z, x,x) = Y^ \s[ffj){ji,j2,j3, J4; z, a;) (5.152) 

r,s,e 

where s^^^'fj-^ are defined in ( |5.56|) and (|5.58|) . The coefficients fl^^^fjj differ from the coefficients 
-^{r'fe) ^ factor {Nj^l^fJ^y. It is fairly straightforward to collect all the results and obtain the 
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expressions for fj^^fjy On the way we use the following symmetrised version of ( [4.58| ), which is 
proven using the identity (|2.170|) , 



n,m 



jua,b;p) = P^"'" n r-x-T n n WT 

n—l.m—l 1 

n 

ijto {a + jp - i){h + jp - i){a + h+ {ni - l+j)p- {n - l + i)) 

V{l + a' + ip')V{l + h' + ip') 
r(2 - 2m + a' + 6' + (n - 1 + i)p') 

. n'^(i±ii±i4£(l±A±M_ (5.153) 

f}^ r(2 - 2n + a + 6 + (m - 1 + i)p) ^ ' 

We then obtain 



/(l,s,0) ~ ^^^f^ (P) 

n 



r— 1 -j^ 



ij=o + iP - + JP - + c + p(s - 1 + j) - (r - 1 + 

R-r-l,S-s-l -, 

TT 

ijio - ^ + - ^ + JP)'(e + 6-(i?-r-l + z) + (5-s-l + j)p)2 

M ^(2 - 2s + a' + c' + (r - 1 + z)p') ^(2 - 2r + a + c + (s - 1 + %)p) 

""-^^ ^(l + y + zp)G(l + e^ + zp) 

^0 G(2 + e' + 6' - 2(S - s) + (i? - r - 1 + i)p') 

' G(l + & + zp)G(l + e + 2p) 

i^^o G'(2 + e + 6-2(i?-r) + (5-s-l + z)p) ^' ^ 



where we have defined 
and where 

AS'^Hp) = p'''^'''''''^^'^'~'^i\G{^p)YiG{^p)i\G{^^^^ 

i=l i=l 1=1 i=l 

r,s R—r,S—s 

and where we have defined 

e = -a-6-c-d-2p(S-l) + 2(i?-l) 

e' = -e/p (5.157) 
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These expressions are like the ones for minimal models except for the appearance of the terms 
d, d! in the definition of e, e'. Finally we have 

AR,S) _ AR,S) 

J{r,s,l) ~ J {r,s+l,0) 

G{2 + a + c + 2sp- 2r)G(l + a + c + 2sp- 2r)G(l - {s + l)p + r) 

G{l-r + a + sp)G{l-r + c + sp)G{2-r + a + c+{s-l)p) ^' ' 

The following useful identity for the G-functions defined above will be used repeatedly in 
the sequel 

n 

G{x) = {-l)''G{x-n)l[{x-if (5.159) 



i=l 



5.6.1 Case of Mixed Fusion Rules 

The construction of crossing matrices and monodromy coefficients in the case of mixed fusion 
rules (or over- screening) is made essentially trivial by the following observations. We have 



previously seen that the integral for the DF contours Fig. |5.8| is related to a corresponding 
integral for time ordered integrations by the factor 

Xril/t)X,{t)XR_ril/t)Xs-sit) (5.160) 

Similarly for the present case of some contours being of Felder type, we get instead a factor 

Xr{l/t)xf\S - S3 - 1; t)XR^r{l/t)Xs-sit) (5.161) 

for (I, II), and a factor 

Xr{l/t)X,{t)XR^r{l/t)xf-siS -S2-1; t) (5.162) 

for (II, I). These rather trivial new normalisations allow us to follow completely the treatment 
for fusion rule I (i.e. the case (1,1)) described above and insert appropriate j factors as normali- 
sations. It is fairly easy to see, that for the new monodromy coefficients f(^^f(^]; jj^^ and fl^^f(^jj 

(in a self explanatory notation), the only ^ factors multiplying fj^^^f^j which survive, are ones 
which do not depend on (r, s) or {R — r, S — s), but only on {R, S) and hence may be absorbed 
into renormalisations. 



5.7 Operator Algebra Coefficients 

All properties of a CFT are encoded in the knowledge of the symmetry algebra Vr©iy {W is an 
extension of the Virasoro algebra Vir, here a semi-direct sum of s/(2) and Vir), the spectrum 
of primary fields and the operator algebra (OA) coefficients or structure constants. From the 
analysis in the preceding sections we are now in a position to determine the OA coefficients 
and thereby 'solve' the theory. 

In the SL{2) theory the operator algebra coefficients G^^^^ are defined by 

0,, {z, z, X, x)<P,, (0, 0, 0,0) = ^ |^|2(Lt'Hlil)-A(i)) ^A,A.0.(O, 0, 0, 0) + ... (5.163) 
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Defining 
we see that 
Consider now 



where the dots represent contributions from descendants and where A = 2j + 1. The OA 
coefficients are only defined up to normahsation of the fields 

^ Px.Px.PxiCt,x, (5.164) 
Define the conjugate field (p^iz, z, x, x) by 

(O|0^-'(z,^,x,x)</.,.(O,O,O,O)|O) = (5.165) 
Then the OPE coefficients can be calculated by considering the 3-point function 

{0\(/)^'-'{z3, ^3, Xs, X3)4>j^{z2, Z2, X2, X2)(f)j^{zi, Zi, .Ti)|0) 
_ (^A3 1^ ^ |2(A3-Ai-A2)|^ ^ |2(Ai-A2-A3)|^ ^ |2(A2-Ai-A3) 

• \xi - X2\^'^^'^^'-^''>\X2 - Z3\^'^^'+^'-^'^\xi - x3|2(^'i+^'3-^'2) (5.166) 

'^{z,z,x,x) = (t>'(-l/z,-l/z,-l/x,-l/x)\z\'^^^\x\-'^^ (5.167) 

Cxlx, = (O|0^(O,O,O,O)(/),,(1,1,1,1)0,,(O,O,O,O)|O) (5.168) 

(O|0,,(z, z, X, x)cf>j.{0, 0, 0, 0) |0) = Cl,. \z\-'^^^^^ \x\'^^ (5.169) 

In the SL{2) theory the fields are self-conjugate so Cl.^. is not only symmetric in Aj, Xj but 
also diagonal, and it may be used as a metric, raising and lowering indices 

^AiA,- = Cx^SxiXj = gx.Xj 

C'xlx, = 9''^'Cx,x,x,=CxlCx^x,x, (5.170) 
Here CxiXjXk totally symmetric in the Aj's, and cx is a normalisation constant. We also have 

(l)^'{z,z,x,x) = g^^^^(j)j^{z,z,x,x) 

= cXiVji(^,^,a;,S) (5.171) 

One can fix the normalisation constant ca = 1 in a basis where 0^ = Px^4>j: such that the 
fields are orthonormal 

Clx, = '^A.A^ (5.172) 

Let the totally symmetric OA coefficients in the orthonormal basis be denoted as CxiXjXi, then 
in the other basis the OA coefficients can be written as 

CxiXj = PXiPXjPxlCxiXjXk 

pI = cx (5.173) 
Here the normalisation constants correspond to the original basis without 'hats'. 
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5.7.1 Case of Fusion Rule I 



Since there is no overlap between the two sets of fusion rules, a certain 4-point Greens function 
Gjij2T3j4{z,^,x,x) = {j4\(j)j,{lAAA)(pj2iz,z,x,x)\ji) (5.174) 
behaves, in the limit z,x ^ 0, either like 

G,,,,,,,,{Z,Z,X,X) = E^Aa^C^A.A.kP^-^^-^-^-^^^VP^^'^"'^'^"^'^ (1 + 0{z,Z,X,x)) 

j 

j 
j 

(5.175) 

or like 

G,,,,,,,,{Z,Z,X,X) = ECA';:A(/)C^A'.A.(//)kr^"^--^-+^^Vr^^'^^^'^-^'^ (l + 0{Z,Z,X,X)) 

j 

(5.176) 

depending on the 4-tuple (ji, 725^3, ^4)- First we concentrate on the former case where 

/(S3(ji' J2, J3, J4) = C',l,Ct,,, (5.177) 

with = A/, A// for e = 0, 1. Such a split requires that the monodromy coefficients are 
properly normalised. The normalisation adopted so far ( |5.154| ) (and thereby (|5.158|) ) follows 
the prescription of Dotsenko and Fateev in the case of minimal models, but turns out to be 
inadequate here ||112|| . Indeed it is completely essential that the above factorisation takes place 
in such a way that the operator algebra coefficients only depend on the variables indicated and 
not on anything else. In particular, C^lxz allowed to depend on r, s which are given in terms 
of the spins (the A's) indicated, but it is not allowed to depend on R, S for example. Likewise 
C^^^^ is allowed to depend on R — r, S — s but again, not on R, S. However, it is allowed (as 
utilised above) to renormalise the coefficients by arbitrary functions of i?, S", Ai, A2, A3, {j^ = 
ji + J2 + js — R + St). It turns out [112] to be possible to devise such a normalisation with the 
above criterion satisfied. This we first do for fusion rule I. We have to use (cf. (|5.52|) ) 

a = -X^ + R - St + t 

b = + R - St + t 

e = -X^ + R - St + t 

c = X^ + R-St 

e + b = -Xi + 2{R-r)-l-2t{S-s-l) = +Xn + 2{R-r)-l-2t{S-s-l) 

a + c = Xi + 2r ~2st ~ 1 + t = -Xii + 2r -2st -1 +t (5.178) 
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Then we may express the monodromy coefficient as 

f{R,S) _ {T\/^X4 ( T\ 

J{r,s,0) — '^AiAaV-'J'^AaAjl-'J 

= t'^-llG{tt-r)flGm 
1 1 

GiS + (A3 - i? + j)/t)GiS + 1 + (-A4 -R + j)/t) 



n 



G(l-(A, + l+j)A) 
G{l-X^ + R-r-{S- s+j)t)G{l + + R - r - {S - s + 1 - j)t) 

S—s R—r 

■ [] Gilt - i? + r) n ^(V^) 

1 1 

"^-^^ G{S + {Xi-R + i)/t)G{S + {X2-R + i)/t) 

y G{{X:-l-i)/t) 

(7(1 - Ai + r - (5 + i)t)G{l - A2 + r - (5 + i)t) 

G{l-Xi + R-r-{S-s-l-i)t) ^ ' 

This is certainly not in the form required, but we may renormahse it. Thus we consider terms 
involving only Ai 

' G{S + (Ai - i? + OA) ^ n ' (7(1 - Ai + r - (s + j)t) 

1=0 j=0 

= ^2.(5-.) jj G{l-s + {l-X, + i)/t) n G(Ai + jt) 

i=0 j=0 
R-1 5-1 

• X{G{S+{X^-R + i)/t)X{G{l-X^ + {l-S + j)t) (5.180) 

The last line may now be scaled away. Symmetry arguments in the Aj's render considerations 
of terms including A2, A3, A4 trivial, while the A7 part contributes as 

""Xl G-\{Xi-l-i)/t)^~f{ G-\l-Xi + R-r-{S-s-l-j)t) 

1=0 j=0 

■ fl G-\l - (A, + 1 + i)/t) n G-\l + Xi + r-{s- j)t) 
1=0 3=0 

^ ^-2{R-r){S-s)-2rs ' _ s - {1 - Xj + i) /t) ^ G'^l - Xj - jt) 

i=0 j=0 

r-1 s-1 

■ l[G~\l + s-{l + Xi + i)/t)llG-\l + Xi-{j + l)t) (5.181) 

i=0 j=0 

The total power of t becomes 

^4RS-2{R~r){S-s)-2rs (5.182) 
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where we may absorb the f^^^ in the normahsation. Finally we find 

1=1 i=l 

^ G(l - s + (1 - Ai + t)/t)G{l - s + (1 - A2 + i)/t) 



n 

i=0 



G(l + s-(l + A + 2)/t) 



G(Ai + it)G{X2 + It) 



G{l + \-{l + i)t) 

R-r S-s 

C^lxiR - r, 5 - S; /) = t"2(i?-r)(5-s) -Q ^^^/^^ -Q q^^^ _ _ 

i=l j=l 

' G{l-{S-s) + {l-Xs + z)/t) 



n 



G(5-s-(l-A + z)A) 
n G(-(5-s) + (l + A4 + 0/t) 



i=0 
R-r-l 



i=0 

s-^i G{X, + zt)G{-X, + {l + z)t) 
i=o - A - it) 

and notice the symmetry 

C^A^.(^, = C^'^t^tir, s; I) (5.184) 

which refiects the involutionary invariance ( [4.43| ). Here, for clarity we have indicated the 
dependencies on r, s or i? — r, 5* — s and on the fusion rule (here I). In fact this is somewhat 
superfiuous. The point is, that from three spins, it is always clear by which of the two fusion 
rules they couple, and for each case there is a unique possible value of r,s {or R — r, S — s). 
Furthermore, a trivial consistency check reveals that indeed the two expressions in (|5.183|) are 
equivalent. 

We may now compute the normalisation constants cx and pa for A = r — st 

G(Vt) G^V^ 
""'-^ G(l/t) ' ^^-^^^^ 

Using this we want to find the normalised and symmetric OA coefficient 0x1X2X3(1) ■ Let us 
introduce the notation 

R = (ri + r2 + r3 - l)/2 

S = (si + S2 + S3)/2 

Ri = R-Ti 

Si = S Si 

(5.186) 

where Aj = 2ji + 1 = — Sit. Employing (|5.159|) one obtains 

R S 

Cx^x^xAl) = G'/\l/t)l[GmY[G{jt-R) 

i=i j=i 
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' G{i/t) nfii G{jt - R,) 

l},G^I\\,/t)Y^^-'GmYrUG{jt-ru + l) ^' ' 

In order to compare with Andreev's result we introduce the functions P{n, m) here expressed 
in terms of the G-functions (|5.155|) 

n—lm—l n—1 m—1 

p(n, m) = n n - ^r" n Gm n G{^/t) 

j=l i=l j=l i=l 

m—1 n—1 

= Yl a(^i/t) H Gijt - m + 1) (5.188) 

i=i j=i 



whereby we may rewrite ( |5.187| ) as 



f^A.A.AaW = t^H-irG'^\i/t)p{s + 1, ^ + 1) n G'/\i - x,/t f^l'^^:f'\^^ 

k=i P(sfc + l,rfe) 



(5.189) 



This is in accordance with Andreev's result. However, so far we have only considered the case 
of fusion rule I while the case of fusion II is somewhat more subtle. Indeed, in ^ Andreev 
is able to determine the OA coefficients in that case only up to normalisation. Nevertheless, 
an inspection of 4-point functions with mixed fusion rules determines the normalisation of the 
fields, after which ( ^.158| ) fixes unambiguously the structure coefficients, as will become clear 
below. It should be stressed that the fixing of the OA coefficients for fusion rule II is only 
relative to the choice of normalisation of the OA coefficients for fusion rule I ( |5.183| ). 

5.7.2 Case of Fusion Rule II 

A priori it is not clear how to normalise the fields in a fusion rule II coupling. This is due to 
the fact that the identity operator (j = 0; r = 1, s = 0) is not present according to fusion rule 
II, hence C\.)^^{II) cannot be used to determine the normalisations. However, when extracting 
the OA coefficients from a 4-point Greens function with mixed fusion rules ( p. 1761 ), the fields 



should have the same normalisations, whether they appear in the fusion rule I coefficient or in 
the fusion rule II coefficient. Therefore, the normalisation constants in the case of fusion rule II 
are inherited from the case of fusion rule I and are thus given by the same expressions ( |5.185| ) 



In the notation (|5.186| ) the numbers of screenings are R3 + p/2, S3 + q/2, and we have, up 



to an overall renormalisation constant, 

R3+P/2 S3+q/2 
G',!,,{n) OC t-2(i^3+p/2)(53+,/2) -Q -Q ^(^-^-(^3+^/2)) 

i=l j=l 

""'^fi'-' G{1 - (^3 + q/2) + (1 - Ai + t)/t)G{l - (^3 + q/2) + {1 - X2 + i)/t) 
tX G'(l + 53 + g/2-(l + A3 + z)A) 

''^-"^-^ G{X,+jt)G{X2+jt) 
M G(l + A3-(l+j» 

rCl -^ \ ) R-i+P/2 Ss+q/2 

= I n Gm n Gijt-Rs-p/2) 



G{l + R-St) t=i 
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i=l 



Y{?=TG{i/t)Y{f^,G{3t-n + l) 



n 



n[ii G(2/t)nf=iG(jt-r2 + l) 



fj-//' nS^'-' G(jt -R+ p/2) 



n 



p-ra-l 
i=l 



G{i/t) mzf G(jt-j9 + r3 + l) 



(5.190) 



where we have used ( p.l59| ). In order to determine the proportionality constant, let us further 
rewrite ( ^.IQOI ). Thus, with the same proportionality constant one finds 



oc 



^-4:-2{q-S'i)_ 



G{l^\^)G{-\;/t) 



G{1 + Ri- Sit)G{l + R2- S2t) 
G{2 - A3/t)G(-i?3 + Sst) 



G{-R+iS + l)t)G{l + r3 
Let us now make a comparison with (|5.158|) 

oc t-''^-'Gll'XUl)C-,'{i^'V) 

Git - \n)G{l - Xji + t)G{-3i - 32 + Jij) 

J3 - j4 - jll] 



(5.191) 



G{-l+t- ji - j2 - jii)G{l + j3 + 34 - 3ii)G{t 

.-2q-6 AR,S) 

•l{r,s+l,0) 

G{l-Xn + t)G{-Xn + t)G{l 



(s + l)t + r) 



G(l- As + i? 



(S-s- l)t)G{l + X4 + R-r-{S- s)t)G{l - A// + r - st) 

(5.192) 



From this we may read off the proportionality constant in ( p.l9(J| ) to be | |112 

(5.193) 

In conclusion, with the relevant expressions for the numbers of screenings, now denoted r, s 

r = (n + r2 -rs - 1 +p)/2 , s = (si + S2 - S3 + g)/2 (5.194) 
the result (|5.183|) for G^^^^ is valid also for fusion rule II provided one multiplies the rhs by 

As a consistency check of the result C^^^j (|5.183|) one may analyse the products of G- 
functions in order to verify that up to cancellations of the form r(0)/r(0) raised to some 
power, (|5.183|) is non-vanishing and well-defined for both sets of fusion rules. It turns out that 
for fusion rule I no cancellations are needed. For fusion rule II where the extra factor of f"''^ is 
of no importance in this analysis, one finds 



r(o) 



j=0 



s + (1 - Xi+i)/t) 



r-l 

nG(i 

4 = 



s + (l-A2 + i)/t) 
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r(o) 
i/r(o) 



r-l ^ 

nG(l + S-(l + A3 + 0A) 



-1 



-1 



-1 



(5.195) 



leaving ( ^.183| ) non- vanishing and well-defined upon the cancellation (r(0)/r(0))^. 

In order to make a direct comparison with Andreev's result we use ( p.l59| ) to first obtain 
the symmetric OA coefficient 

R-p/2 S-q/2 

cxmAii) = t^'-'^^'^-'^-'^G'^ii/t) n Gm n Gut-R+p/2) 

i=l j=l 



3 fSk 



UfJ:i '^' cm U-Lt'^' G{jt -R,- p/2) 



1 iX,/t) m=r G{i/t) Y^-' G{jt -p + n 



(5.196) 



where we have included the renormalisation constant t^"*"^. Furthermore, we should change our 
notation in (|5.186|) for A3 (the definitions for R, Ri, S, Si and A{i,2} remain unchanged) 



A3 = p - ra - (g - 33)1 = -r^ + s^t 



(5.197) 



We see that in terms of the present notation, the original one has been transformed according 
to 



ri ri 
r2 r2 
rs^p-rs 
Ri^p/2-1- R2 
R2^p/2-l- Ri 
Rs-^R-p/2 
R^R3+ p/2 

In this new notation one can establish the identity 



S2 S2 



S3 ■ 

Si 
S2 
S3 
s - 



Uf^Gm U-Li' Gjjt ~ Rk) 

mi'GmujtiGijt-n + 1) 



> g - S3 

> q/2 - S2 

> q/2 - Si 
^ S-q/2 
S3 + q/2 



^2(q-l)(rfc-l-iJfe) 



(5.198) 



ns""" cm ni=r Gut -p+i + R, 
nt?Gmm=r'G{jt-p+T,) 



(5.199) 



valid only for k = 1,2. Finally one finds 

.25-1 GHx,/t)GHl/t) G(l + A3) 



G-2{Xi/t)GHX2/t) G{1 + i?3 - ^3^) 



R 



n Gm n Gut - i?) n 



i=l 



UiAGm U-tiG{jt-Rk) 

\n?=i' Gm uT=iGijt-r, + i) 



(5.200) 



146 



while Andreev's formula may be written (in the notation employed here, and up to a power of 
t) as 

^ g 37? S 1 

C,,x,xs{ll) oc G{Sst - i?3) n G{^/t) U G{jt - i?) I] 11 G{i/t) f] G{jt - R^) 

i=l j=l k=l i=l j=l 

(5.201) 
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Chapter 6 

Conclusions and Outlook 



In this thesis we have shown how to deal with fractional powers of free fields by virtue of 
fractional calculus, and thereby we have elucidated the meaning of the second screening charge 
proposed by Bershadsky and Ooguri for affine SL{2) WZNW models. The real merit of 
this is that it has enabled us to use free field realizations to build the most general chiral 
blocks for such theories on the sphere, even in the case of admissible representations with 
fractional levels. The ensuing integral formulas are tractable and have allowed us to verify 
many formal properties, such as projective invariances and the fact that the chiral blocks 
satisfy the Knizhnik-Zamolodchikov equations. We have presented an explicit and simple proof 
of the proposal in for how Hamiltonian reduction works at the level of correlators, reducing 
affine SL{2) current algebra for admissible representations to conformal minimal models. We 
have further verified that the blocks found indeed reduce in that way. Also the relation to more 
standard formulations of Hamiltonian reduction has been discussed. Employing the notion of 
over-screening has allowed us to re-derive the fusion rules on the basis of an analysis of 3-point 
functions in terms of our free field realization. 

The proposal in this thesis for how to treat free ghost fields raised to fractional powers 
involves a variety of expansions of certain functions, with different monodromies for the in- 
dividual expansion terms. The physical condition imposed is then that the final expression 
must respect the known monodromy for the item in consideration. This idea has now found 
applications in other respects, notably in the operator approach to Liouville theory ||130|] . 

In order to generalise a work by Dotsenko and Fateev on minimal models, we have 
investigated in great detail the 4-point blocks. In particular we have devised integration con- 
tours appropriate for suitable bases of blocks, both using our own representation based on free 
fields and one by Andreev |Q applicable only to 4-point functions. The equivalence of these 
two representations have been analysed thoroughly at the level of highly non-trivial integral 
manipulations. As a by-product, we have presented a proof of a remarkable duality in minimal 
models. In order to compute the monodromy invariant Greens functions we have calculated the 
crossing matrix. Based on the monodromy coefficients we have isolated the operator algebra 
coefficients of the theory for both fusion rules. Again the notion of over-screening has been 
utilised, and in such a way that we have been able to normalise the operator algebra coefficients 
unambiguously, contrary to the results in p. 

We have presented an explicit (generalised) Wakimoto free field realization of affine Lie 
algebras by a Gauss decomposition and by determining anomalous (quantum) terms. We 



148 



have discussed the screening currents of both kinds generahsing the one of the second kind 
by Bershadsky and Ooguri, and found partial proofs of their existence. Complete proofs were 
presented in some cases. We have undertaken the study of primary fields in the framework of 
the isotopic x variable representation and found solutions in special cases of SL{n). In the case 
of 5'L(3) we have found the general solution for the primary fields and we have been able to 
prove the consistency conditions for the existence of the screening currents. This means that 
we are now in a position to generalise our program in chapters 4 and 5 for SL{2) to SL{3). 
In principle we should then be able to determine the fusion rules based on 3-point functions, 
find the 4-point Greens functions and eventually the operator algebra coefficients. We hope to 
come back to this elsewhere. 

Very recently de Boer and Feher |^ have also obtained an explicit construction of Wakimoto 
realizations of current algebras, based on quantising a Poisson bracket realization obtained 
using Hamiltonian reduction. However, a direct comparison is not obvious and their proof is 
announced to be presented elsewhere. Furthermore, they write down the general result for 
screening currents of the first kind only and claim to have and intend to present a proof of that 
elsewhere. If this is the case we have then shown in this thesis that screening currents of the 
second kind do exist for SL{n). We believe it should be possible to generalise our existence 
proofs to the other simple groups. This belief is supported by our very latest developments. 
Utilising a new and more compact notation to be presented in [|113|| , we hope to be able to carry 
out such proofs and discuss further general results on the issue of primary fields. Generalisations 
to supergroups are also currently under investigation. 



Some steps have already been taken in the direction of generalising to supergroups. In |29 
the representation theory of the affine Lie superalgebra sZ(2|l) at fractional level and the free 
field realization of the corresponding affine current algebra have been discussed. 

A future work lies in the computation of correlation functions in the SL{2)/SL{2) approach 
to non-critical strings where conformal minimal matter is coupled to gravity. Attempts in this 
direction are found in 0. Using the results established in this thesis, a possible outline is the 
following. In the SL{2)/ SL{2) approach one deals with a direct sum of 3 copies of affine SL{2) 
current algebra sl{2) with levels /c, —k — 4 and 4 respectively, k = p/q — 2 is fractional and the 
co-prime integer pair {p, q) parametrises the conformal minimal model. The former two copies 
correspond to the original SL{2) group and to the gauge group which is also an SL{2) but with 
shifted (dressed) level. The last copy with level 4 is expressed in terms of a fermionic ghost pair 
arising in a gauge fixing procedure. Utilising this splitting it should be possible to calculate the 
correlation functions. However, subtleties from the BRST conditions make the computation 
non-trivial. When the necessary techniques eventually are developed, a generalisation to higher 
groups and supergroups seems feasible. 



Though not final, yet indeed crucial steps in the direction of formulating non-critical strings 
in the G/G framework, the work in this thesis presents some new and definite results, notably 
the completion of the solution of CFT based on affine SL{2) current algebra for admissible 
representations in terms of free field realizations, the completion of the Wakimoto construction 
for simple affine current algebras, and discussions on free field realizations of screening currents 
and primary fields for simple groups. 
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